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INDEX FORMULAS FOR ELLIPTIC BOUNDARY VALUE PROBLEMS
IN PLANE DOMAINS WITH CORNERS

GREGORY ESKIN

ABSTRACT. We derive the conditions for the operator corresponding to a general
elliptic boundary value problem in a plane domain with corners to be Fredholm
and give an explicit formula for the index of this operator.

1. INTRODUCTION

Let 2 be a bounded domain in R? such that the boundary < is a closed
continuous piecewise smooth curve without self-intersections consisting of N
smooth curved segments I', , kK = 1, ..., N, counted counterclockwise with
respect to & . Consider in & an elliptic equation of order 2m:

(1.1) A(x, D)u(x) = f(x),

where

.0 .0
x—(xl,xz), D—(la—XI,la—xz>,

2m
Ax, = Y a, (0EE,  a,,(x)eCO@).
k|+k2=0

The ellipticity means that 4,(x,¢) # 0 forall x € 9, (&,,¢;) #(0,0), where
Ay(x,&) is the principal part of 4(x,¢{).

On 02 we shall consider boundary conditions
(1.2)  By(x,Dyulp, =hy(x'), x' €T, 1<j<m, 1<k<N,
where degBkj =my,;.

We shall assume that B, j(x ,€), 1 < j < m, satisfy the Shapiro-Lopatinsky
condition on T, , 1 <k < N. To formulate the Shapiro-Lopatinsky condition
we shall introduce local coordinates (ygk) , ygk)) in a neighborhood of Tk in R?
such that ygk) =0 when (yﬁk) ,ygk)) € T‘k and ygk) > 0 when (yik) , g‘)) €9,
y;k) is small enough, and (yfk),O) €T, . Let Ako(y(k),n(k)), Bkjo(y(k),r](k))
mthe editors January 22, 1988.

1980 Mathematics Subject Classification (1985 Revision). Primary 35J40.
Partially supported by National Science Foundation Grant DMS8502326.

© 1989 American Mathematical Society
0002-9947/89 $1.00 + $.25 per page




284 GREGORY ESKIN

be the principal parts of A(x,¢), B, ; (x,&) in this local system of coordinates.
Here 17( (r’(k) ,rlék)) are dual coordinates to y(k) (ygk),y2 )) Let

(k) k k k k k
(1.3) Ao, 1wy = 4,0 nY, w)Ako(y”,nP, w)

be the factorization of A4, ,(y () ,n(k)) with respect to 712 ,Le, Imw < 0 for

all roots of Azo(y(k) , rygk) ,w) and Imw > 0 for all roots of A;O( (k) ,nfk) , W)
where nfk) # 0 and deg Ak0 = degA,, = m. Elliptic polynomials satisfying

(1.3) are called properly elliptic. Denote

k k -
! k) k)) 1 Bkjo(yi) 0, 'I( L wyw™ dw

(1.4) b
2mi r, (y(k) 0, ,,(k)’ w)

kjr

b

where I'_ is a contour in the lower half-plane containing all zeros of

k k
Ako(y$)9'7§)’ )

The Shapiro-Lopatinsky condition means
k) (k)
(1.5) det[|b 0 I, #0,

when 7' 20, (,0)eT,, 1 <k < N. Matrix (1.4) is called the Lopatin-
sky matrix.

We shall consider at first the case when all zeros of A4, ,( y(k ), ’r;(k)) are simple,
1<k<N,ie

k k k k k k k
(1.6) Ao 0"y = a9y ))Hw‘ ) omy,

where
Imi, (") <0, 1<j<m, Imi,(0*)>0, m+1<j<2m.

Then

k k k k k
(1.6) AL ™) = H(n‘ "2, 0" 1),

where lkj(y(k),ngk)) = A, Y ' when 7! > 0 and lkj(y( ) =

Ay i +m(y(k)) when n(k) < 0. In this case the Shapiro-Lopatinsky condition
is equivalent to the condition

(k k (k k m
det[|B, o7, 0,m" A, 10, m{DIT,_, #0,

(1'7) (k) (k)
#£0, 3*,00eT,, 1<k<N.

In the last section we shall extend all results to the case of arbitrary properly
elliptic polynomials. We shall study the boundary value problem (1.1), (1.4) in
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the Sobolev spaces with weights as in [3, §24]. Denote by HS(R2 ) the Sobolev
space with a norm

(1.8) It} = [ 1+ 1Py IR e,
R?
where
(1.9) () = / u(x)e" 9 dx
R?

is the Fourier transform of u(x). As usual H (Z) means the subspace of
H:(Rz) consisting of functions with the support in & and H(Z) means the
restrictions of functions in H:(R2 ) to the domain & with the norm

(1.10) 17115 = inf |11,

where f is a function (distribution) in &, [f is an arbitrary extension of f
to R’ belonging to Hs(R2 ), and the infimum is taken over all extensions of
f. Consider some imbedding of I_“k in R'. Then H (T',) means the Sobolev
space on I', consisting of distributions 4 extendible to R' with the norm

(1.11) [h]! = irllf [h],,

where [h is an arbitrary extension of 4 to R! and [[A], is the norm in Hs(Rl) .
Denote by P, P,, ..., P, the vertices of the domain & ;ie., P,_, =T,_| N
I,,1<k<N,T,=T,, Py=P,. Introduce in a neighborhood of P, in
R’ a local system of coordinates (x{k) ,xgk)) with the origin at P,. Denote
by r;(x,,x,) a complex-valued C™-function in R’ such that rj(xl »Xy) #
0 outside of P,...,P,, r= 1 for large (x,,x,), and rj(xl,xz) has the
following form in local coordinates over P, :

k . (k)\J k k
(1.12) r= 0+ i)Yo, x),

where Tiko # 0 and Tiko € C™ . We shall denote by H (R2) the space of
functions with a norm

N
(1.13) lully 5, = D llrsell, s »
j=0

where ry = 1. The Sobolev spaces I?Is N (Z) and H (YD) are defined analo-

gously to 12(3(9 ) and H(Z). Let p; be the restriction of ri(x;,x,) to 09 .
Denote by HS, N, (T',) the space of functions on I', with a norm

Ny
(1.14) (] y, = > lp,hl,; -
j=0
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Let s be some real number. We shall look for the solution of the boundary value
problem (1.1), (1.2) in H_, (2) assuming that f € H —am N, (Z) and hy; ;€
Hs—mkj—l 2N, (Ty). In order to have well-defined restnctnons of B, ; (x, D)u to
I, we shall assume that

(1.15) s+Nl>n’}ab_x(mkj+%),
(1.16) s is not an integer if s < rrclax(mkj +1).

(If £ =0 in (1.1) then restrictions of B, ;(x,D)u to T, exist for any s (see
Proposition 3.1). Then we do not need (1 15), (1. 16) and can choose any
N, >0))

It follows from Lemma 24.5 of [3] that the restriction B, ;(x, D)ulp, exists
and

(1.17) (B, j(x,D)ulrk]:_mkj_l o S Cllull] y,

if conditions (1.15), (1.16) are satisfied. Note that we always can take a minimal
integer N, satisfying (1.15), in particular N, =0 if s > max; (m,; i %) . The
boundary value problem (1.1), (1.2) defines a bounded operator &/ acting from
H \ (Z) to

&

s,M = Hs—2m,N. (9) X HHs—mk,—l/Z,Nl (rk)
k.j

(see §24 of [3] for estimates in weight norms (1.13), (1.14)). We shall prove

Theorem 1.1. Assume that (1.5) holds. Then for all s except a discrete set X
the operator </, is Fredholm; i.e., kers/, is a finite-dimensional subspace of
H (), range of ¥, is closed in 7, y, ;s and coker ¥ ~ Z?,N. | Im &7, is finite-
dimensional where Im %/, is the range s/,. Moreover, Ly = U,I:;l(l -ReZ, )
where X, | is the contribution of the vertex P,_,, and it is the set of zeros of
det M, _, o(z) (see (5.48)) in the case of simple roots of Ay(x,&) and the set of

zeros of det M,:_l 0(2) (see (9.27)) in the general case.

The Fredholm property of elliptic boundary value problems in domains with
corners was considered in many papers (see, for example, the recent monograph
[6], the survey [7], and [8] and references there). The difference from these
works is in the use of spaces H_, , which are more natural, especially for
negative s, since H, N (@) is contamed in the space of extendible distributions
in & (see also [2], where Sobolev’s spaces of noninteger positive order are
used, and [9]). The main result of the paper is the formula for the index of
&/, . Since solutions of boundary value problems in domains with corners have
singularities, the index depends on the class of functions in which we consider
the problem, i.e., of s where H_ is the corresponding Sobolev space. When
we enlarge the class then the kernel of the corresponding operator %, increases
and the cokernel decreases. X, is the exceptional discrete set of s where the
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index jumps and %/, fails to be Fredholm. We shall give formulas that makes
this dependence on s explicit.

Theorem 1.2. Index of the operator %/, is given by the formula (5.50) in the case
of simple roots of Ay(x,&) and by the formula (9.10) in the general case. When
the principal symbol Ay(x ,&) is real valued one has more explicit formulas (6.37)
in the case of simple roots and (9.33) in the general case. For the second-order
equation with real coefficients the formula for the index has the form (6.33).

The plan of the paper is the following: In §2 we find an explicit solution of
the homogeneous boundary value problem in an infinite corner. The necessary
and sufficient condition for this solution to be bounded in the Sobolev space
is called the “corner condition” and we find an explicit form of this condition
(see (2.73)). In §3 we prove the uniqueness of the solution constructed in §2.
Although the uniqueness result is not used in this paper, it gives an alternative
way to prove Theorem 1.1 and it allows one to obtain the asymptotic expan-
sion of the solution near vertices. Also, Proposition 3.1 in §3 allows one to
replace weighted Sobolev spaces by the usual Sobolev space in the case when
S =0 in (1.1). In §4 we start to construct a right regularizer (parametrix)
for operator &/,. We introduce the operator Rgl) , which is basically the sum
of the parametrix of A(x,D) in R’ and double layer potentials. Replacing
&, by the operator .MS“) having the same index, we compute the composition
MS“)Ri” = ®_. Operator ®_ is studied in §5. It belongs to an algebra of oper-
ators similar to the one studied in [3, §15] (see also [1]). We find the conditions
when @ is Fredholm and compute its index. In §6 we simplify the formula for
the index of ®_, making it more explicit. In particular we consider separately

the case of a second-order elliptic equation. In §7 we prove that operator Ms“)
(and therefore %) has a finite-dimensional kernel. This completes the prove

of Theorem 1.1. Also we prove in §7 that the operator Rgl) is Fredholm for all

s € R and its index is equal to zero: ind Rg” = 0. Therefore ind%/ = ind ®,
and results of §§5 and 6 allow us to obtain the formula for ind.%/,. In §8 we
consider examples of boundary value problems for the Laplacian and also some
regularity results. In §9 we remove the restriction made in previous sections
that the symbol of the elliptic operator has only simple roots.

Most of the methods used in the present paper are similar to those in the
author’s previous work [3-5].

2. MODEL PROBLEM IN A CORNER

Let G be a corner in R* formed by the semiaxis I') = {x, > 0,x, = 0} and
the semiaxis I') = {y, = —x, cosa — x,sina < 0,y, = X, sina — x,cosa = 0} .
The interior angle of G counted counterclockwise is equal to a, 0 < a < 27.

Consider a homogeneous equation in G

.0 .0
(21) AO (la—xl,la—xz) u(xl,xz)—-O,
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where 4,(¢,,&,) is a properly elliptic homogeneous polynomial of degree 2m
having only simple roots

2m
(2.2) Ay(&1,8) =a, [ (&, -4,¢),
j=1

where a, #0,
(2.3) Imij<0, Imlj+m>0, 1<j<m.

The results of this section play only an auxiliary role and therefore we shall
impose boundary conditions of the form that will be used in following sections.
Let

1/2—s
AP = (15%— cos% + i% sin% - i0>
1 2

be a pseudodifferential operator in R? with symbol

2— . 1/2—s
(2.4) l/ S(fl &) = ({l cos = +§2 sin = > 10) ,
where by definition
(t—i0)"/** = 1in(1)e“/2‘”'""‘“>, teR, >0,
E—

and we consider the branch of In(¢—i¢) thatisreal for 1 >0 and ¢ =0. In all
computations we shall take ¢ > 0 in the beginning and then pass to the limit
¢ =0 at a later stage when it will cause no problem.

Denote by Al—/z_s the inverse Fourier transform of the distribution (2.4). Let

x'= Uﬂx be the rotation of the plane by the angle £, i.e.,
(2.5) xll =x,cos B — x,sinf, x21=x1 sin 8 + x,cos 8.

Since F~'(¢, - i0)!/27$ =Cx|_ s d(x,) where x|~ 3220 for x, <0 and C
is a constant (see, for example [3 §2]) we obtain, usmg the change of variables
(2.5) with g = —a/2, that

(26) Ay, (%) =C (x,cos 3

. oa\s—3/2 .«
2+xzsm5>_ <5(—x1 sin —

+x,c05 5 )
2 X, COs 7]

Note that support of Al"/z_s(x) belongs to CG, where CG is the complement
of the open domain G. Moreover, if u_ is a distribution with support in CG

then the support of A* ™y = Al *u_ isalso in CG. We shall call an
operator A_ with such a property a “minus”-operator with respect to domain
G . For “minus”-operator A_ and a distribution # in G we have that p;4_lu
is independent of the choice of the extension /u where p, is the restriction
operator to G. Note that in (2.4) we can replace a/2 by any S such that
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0<pB<aifa<nand a-n< B <z if a > n. We shall consider the
following boundary conditions:

of. 0\l .9 .0 12-s;
(2.7) p, (la—x[—lO) le <la—x1,la—x—2“>l\_ lu—hj](xl),
x>0,1<j<m,

(.8 N VP S e
(2.8) p, (—zb—EI—COSa—z-é}—z—sma+10)

.90 .0 1/2-s .
'sz(la—xl,la—xz)A_ lu=hj,y,), »,<0,1<j<m,
where P|+ ,D, are the restriction operators to I', , T, , respectively, Bj,.(él »&,)
are homogeneous polynomials of degree m i and coordinates (y,,y,) are re-
lated to (x,,x,) by the rotation by the angle g =7 —a, i.e.,

(2.9) Y, = —X,c0sa— X,sina,  y, =X, sina - x,cosa.
Note that
a a s—m,-z—l/Z a S—m,z—l/2
(—i———cosa—i—sina+i0) = (i—-——+i0>
ox, ox, 0y,

is a “minus™-operator with respect to I', ; that is, pp. (i0/8y, + 0y "M~ 12] g is
independent of the choice of the extension /g from T, to R' since if g =0
for y, > 0 then also (i9/dy, + i0)"™?~'2g_ =0 for y, > 0. Analogously
(i9/ox, - i0)*"™"~1/2 s a “minus™-operator with respect to T,.

As we shall see below, the solution of the boundary value problem (2.1), (2.7),

(2.8) does not belong to L,(G). Therefore in this section we shall modify the
Sobolev spaces H N introduced in §1.

Denote by H /2 o(R ) the closure of C (R ) in the norm

(2.10) 1A%l = [ Ela@rae, = e+ g

Note that H,(;; 0(R2 ) is a subspace of the space of tempered distributions S’
since

l(u,9)| = ) )3 LAYl AT Pl

' KR
(2n)" - (2m)
and ||A, '/2””0 is finite for any g € S.

Note that if w(x,,x,) € C0 (R) then yu € H,/Z)M(Rz) for any u €

Hl(}; N, (R2 ). Indeed we have

KE,m =0+ weE-nn""? =K, +K,,
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where

K, =Kxy(m), K,=K(1-x,m), 1) €CO®R,
X&) =1 for|l|<1.

Therefore K is a kernel of an operator bounded in LZ(RZ) since K, is a
Hilbert-Schmidt kernel and |K,| < C/(1+ | - nl) So for any v € CS’°(R2)

2
(2.11) lwoll}, < ClA vl

and therefore yu € H|/2(R2) for any u € H1(/l% 0(Rz). By }% N, (R ) we

denote a completion of C;° (R%) in the norm

12,2 ki ks o 1)24k +ky )2
(2.12) I1Ag “ully v, = Z [l X" Ay ullg -
k|+k2—0

Note that (2.12) is equivalent to

N
/ 1/2+ki+ky ki Ky 12
(2.12) E A Xy x5 ully -
k|+k2=0

The space H|)) » (G) is defined analogously to (1.10).

Theorem 2.1. Let &/ be the operator defined by the left-hand sides of (2.7),
(2.8), where u € ker4,N Hl(}; v, (G), ker Ay consists of all distributions in G
satisfying (2.1). Assume that the Shapiro-Lopatinsky condition (see (2.56)) and
the “corner condition” (see (2 73)) are satisfied. Then there exists an operator R
bounded from #, \, =TI,_, Hy v, (T) x [T, Hy 5 (T,) to ker 4yn H{}) \ (G)
that is the right inverse to &, e,

(2.13) SR=1,

where I is the identity operator in %,N.’ N, >0 is arbitrary, and Hj (Rl)
is a space with a norm

k 2
(2.14) )Ry, = Z[ ;’tkgl .

k=0 0

Proof. We shall construct R explicitly. First we shall consider the case when
0 < a < m. The case when 7 < a < 27 will be treated in Remark 2.1. Denote
by R, the following operator:

“N| *® —ix24;(&1)— lxlfl d
u=R0(cl,c2)=Z-2—— e ¢;,(8)) dg,

+i_1_ we—iyzu,(m) yim s ( )d
- 27[ '71 ’71,

(2.15)
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where
A jél for¢, >0,

(2.16) A= { Ajim& forg <0,

ﬂj(’h) will be defined later, and (c,,c,) = {cjl,cjz} € #4 > ¢;; are the

1
Fourier transforms of ¢;;,c; =0 for x;, <0, ¢;, =0 for y; > 0. It follows

Ji* "l
from (2.16) that
(2.17) Ay)&,4;¢) =0, Imi;(E)<0, V#0,1<<m.
The symbol of A4, (id/0x,,i0/dx,) has the following form in the coordinates
y=(,,5,) (see(2.9)):

2m

(2.18) A(()')(nl M) = ag l_[(—ryl sina — n,cosa — 4;(—n, cosa + 1, sina)),
Jj=1

since x=U_,_,y and &= (U:(n_a))'ln =U__yN- So

2m
(2.19) A (n, ) = ay(—cosa — 4;sine)™™ [[(n, - u;m,)
Jj=1

where

sina—).jcosa

(2.20) u = 1<j<2m.

- —cosa —4;sina’

Functions u j('h) in (2.15) have the form

M, for n, >0,
(2.21) wn) = {2
AN Hjmty fornm <O.
Note that
(2.22) Imy, =Imi,/|cose + 4 sinal’,

so that Imy;(n;) <0 for n, # 0, 1 < j < m. One can compute integrals in
¢, and n, in (2.15):

L[ _ixaE)—ita—n¢
Gjl(xz:xl_t)zﬂ/;ooe SRR A,

_ 1 © —i.Xz).jG—i(xl—t)fl
(2.23) L% ixdmdi—itn—o¢
=1X2Aj+mG1 —1(X)1 —1)5)
+ 2n ,/_ooe %,

1 1
T 2y +x - 1) 2mi(x,A

+x, -1’

Jj+m
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where ¢ >0, (x,,x,) € G. Analogously

1 i u(n ) — iy —
Gpvyoyy —1) = fﬁ/_we iy ()= i —0)m dn,

1 1
B 27Ii(y2/lj +y| —t) 27fi(yzﬂj+m +y1 _t)’
where ¢ < 0. Therefore (2.15) can be rewritten in the following form:

u=Ryc ,c)= Z/ G (xy,x, - )Jl(t)dt

(2.24)

(2.25)
+ Z/ G(vy, ¥, —cp(D)dt.
j=1?=ee

Note that in general u does not belong to L,(G) but, as we shall show now,
ue H,(;% ~,(G) . Denote

u; = GﬂcjI for x, >0,
(2.26) 1 il 6=
U =5 e ix2ld G —ind (&) d¢, for x, <0;

that is, u i is an extension of G 11Cj1 10 R%. Computing the Fourier transform
of uj in (x,,x,) we obtain

~ . 1 1 —_
. “n“vﬁz)“( _a.<¢>‘cz+aj<él>)“ﬂ(¢')
(2:27) 2i,(8,)

g—ﬁ@>”@)
Therefore
2~ 2

N PG,

A N =

S C/;oo |cj|(é|)| dé| = C[cjl]?)’

Using an extension operator of order N, + 1 (see, for example, (4.55) in [3])
instead of (2.26) one proves that
2

ZN' k k I /2+k 12 ZM 6k'+k2 1/24k +k
l 2 | 2 1 2 i
ky+ky=0 k] +k2—0 0

(2.29)

<CZ[ o Jlg)] < Clejilow, -

Note that if &;(£,) is smooth and &;(0) =0 then u, € H,, » (R®). There-
fore for arbitrary ¢ € Hy y (Rl) we can approximate u I by functions from
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H,, v, (R%), and since C;°(R?) is dense in H, , , (R®) we obtain from (2.29)
that G;c; € Hl /2.5,(G) . The same arguments apply to G ,c;,. Therefore

we proved that R, is a bounded operator from 2?(’)’ N, tO H,(}; N, (G) for any
N, > 0. Now substitute (2.15) in the boundary conditions (2.7). We obtain
(2.30)

%/ B (& A EDALTE L A(E))
k=1 e
(& =10y T (€ )e T e,

+E / l(uk n,)sina —n, cosa, — u, (1) cosa — n, sina)

Al *(ug(n,) sina — n, cosa, — u, (1,) cosa — n, sin a)

* (Uy(n,) sina — n, cosa — i0)

G, ('Il)e
=hj,(x,), x>0,1<j<m.

s—mjl—l/2

—ip ()X sina+in x), cosa d
1

We used in (2.30) that A'27% is a “minus-operator and therefore the action of
such an operator on G, ¢, and G,,c,, will be the same as that of a differential
operator (see (3.12)-(3.15) in [5], where such computations were made).

Denote

(2.31)
! a0\ 1/2s
By = By (1,4) (cos 5 + A, sinS —i0)
- P o NS insemy—1)2
by =B (=1, =4, ) (-cosi = AyemSin 5 = 10) e~ Emmaml/D)
It follows from (2.20) that
(2.32)
. (sina — 4, cosa)sina 1
U, Sina — cosa = : —cosa = —,
—cosa — 4, sina —cosa — A, sina
(2.32) —p, cosa —sina = A

—cosa— 4, sina’

Since we assume here that 0 < a < 7 we have

a in & 1/2—3 3—1/2
(2.33) (°°52”ks".’2 —iO) ( L —iO)

—cosa—,lksma —cosa — 4, sina

=(cos%+lksin%—~i0)'/2—5, 1<k <m.
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Therefore we have using (2.32), (2.32'), (2.33)

biy =B (1,4,)(cos§ +4,sin§ — i0)'/*~*
= Bj](,uk sina — cosa, — u, COsa — sina)
(2.34) 1/2—s . .
“A’" “(usina —cosa, — u, cosa —sina)
(4 sina — cos @ — i0)° "2,
Analogously
b = B, (=(#y,, sina —cosa), p ., cosa +sina)
(2.35) . Al_/z_s(—(ukm sina — cosa), ., COSa + sina)

(= (Hyyp Sina — cosa) — i) 12,

Note that symbols in (2.30) are homogeneous of degree zero. Therefore using
(2.34), (2.35) and computing integrals in £, and 7, we obtain

m m

+ - - o+
Ebjkln+ ckl + Z bjk|n+ck1
k=1 k=1

+Z"‘: 10 (1) dt

(2.36) — 1211 J_oo X, SING — X, COSQ 1
o1 0 ¢, (1) dt
_g hi2mi ) HyymX) SiNQ — X, COSC — ¢
=h;(x)), 1<j<m,
where
. _ i ® ¢ (1)dt _ -l —_~
eay Wi ) 5 a0,

6(t)=1 fort>0, 6(t)=0 fort<O.
It will be convenient to rewrite boundary conditions (2.8) in coordinates y =
(¥y,¥,) (see (2.9)). We have

a a2 a Loa L\ 2
(2.38) (élcosi +¢2s1n§—10) _(—n]cos§+nzsm§—10) ,

since & = U_(,,_a)ﬂ- Therefore (2.8) will have the following form:

-(.0 L\ a2 m({.0 .08
o (135, +10) 8 (125 125;)

(2.39) ) a .0 . «a '0)1/2—51
. (—la—ylcos-z' +la—ylen5 l U

=hj2(y])) y1<0, 1<j<m,

where Bﬁ.;)(nl ,1,) is the symbol of B, in (y,,y,) coordinates,

(2.40) Bj(.;)(ryl sMy) = Bj,(—n,cosa+ 1, sina, — 7, sina — 7, cosa).




INDEX FORMULAS FOR ELLIPTIC BOUNDARY VALUE PROBLEMS 295

Applying (2.8) to (2.15) and using (2.39) we obtain
(2. 41)

ZZn/f Bp(é, 4 (€)

AP A (E)) (=€, cosa — A, (&) sina + i0)° 22
ckl(t)e"l* (§)y1 sinay—i(—yy cos a—1)¢y df, dt

=1 B . L\ /2=
+3 % [ B0 ) (=g cos 5 + () sin’5 - 0)

- (n, + 10y T (e ™™ dn,
=hj2(y])> y1<0,1315m-

It follows from (2.41) analogously to (2.36) that

Z bijH Cra E b;kzn C2

k=1

“ 1 ¢, (1) dt
242 +E 1"227t1/ (—A, sina — cosa)y, —t
(2.42) k !

-f;b— N 6, (1) dt
= IR2omi Jo  (—AgymSina —cosa)y, —t
=h,»), »<0,1<j<m,
where
0

+ i Ckz(t)

(2.43) e 2_¢2n/ s

_ g .a . \1/2-s

b,kz By (1, 1) (—cos—2-+/tksm§—10) ,
2.44 (1 n?_io)"*
@4 b =B (-1, — by, (0085 =y sin 5 — i0)

. em(s—-m,-;—l/Z)

We used in (2.44) that (cf. (2.34), (2.35))

B,(1,A)A*7(1,4,)(~ cosa — 4, sina +i0)" ™2 = p* |
(245)  Biy(=1, =4, AT (=1, — &)

-(cosa+4,,, sina+ 1'0)""‘1‘2“‘/2 =b.

k+m

Changing y, to —y, and denoting

(2.46) G, =c (=), 0<t<+oo,
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we obtain

Z ko 1 +ijkzn ,

+Zb+ __/00 ¢, () dt
(2.47) ie2mi Jo (4 sina+cosa)y, —t

i o (¢)dt
g Jk 27:1/ (Agsm SN +cosa)y, —t
( > 0<y <400, 1<j<m.
We used in (2.47) that
(2.48) nt =1

after changing y, to —y, and ¢ to —¢. Also, changing ¢ to —¢ in (2.36) and
using (2.32), we obtain

ijkll'l <, +ijkll'l L,

k=1

/
" b ¢ (H)dt
(2.49) +ijk'm/o X (—COSa—ZA sina)”! +¢
: 1 k
Xm:b o ¢, (1) dt
ckani Jo x(—cosa— 4, sina) +1
h(x,), ISjSm,x1>0.

Denote by A(z) or by M(h) the Mellin transform of A(?):

(2.50) h(z) = /Ooo h() " dt.

Applying the Mellin transform to

o Ckl( )dt
0 dkyl —t
we obtain (see, for example, [3, §15])
00 c () ) zln(dk") .
2.51 M kL dt) =2ni———¢,,(2),
@s1) ([ 72 ()

where ln(dk_‘) = lnldk_ll + iarg(dk ), 0< arg(dk_') < 27n. Note that (see [3,
§15])

eZniz
+ A
ML ¢) =~z (2

(2.52)

_ 1
ML, ¢) = Tz 6 (2)-
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Taking into account (2.51), (2.52) and applying the Mellin transform to (2.49),
(2.47), we obtain

o 2niz 4
Jjk1 2niz J 2miz
=1 1-e =1 l1-e
(2:53) LA '”*“zm '”**m’é,iz( )
- Z bjkl 27uz + Z blkl 27!12
k=1
=hjlz), ISJSm,z=7+z‘t, —00<T< +00,
2miz 5t
B Zm:b+ e ckz(z) Zb ckz(z
Jjk2 2mz jk2 2mz
k=1
[ 2 o 2riz—ip +,,,z.
(2.53) +i g ’”*’%(z) _yhpn, e ()
jk2 1 - e2mz Jjk2 1 — e27uz
k=1 k=1
X
= hj2 z),

where 1 <j<m, h;.z(yl)=hj2(—yl), Z=%+it, TeR,

iB, =In(cosa + 4, sina) = In|cosa + 4, sina|

(2.54) +iarg(cosa +4,sina), 1<k<2m,
0 < arg(cosa + 4, sina) < 2x.
Denote
(2.55) = IR T, b= (b)) 7'b]
We assume that the Shaplro-Lopatmsky condition is satisfied, i.e.,
(2.56) deth! #0,  deth, #0.

Multiplying (2.53) by ()" and (2.53') by (b;)”' we obtain

(I = bye™)(1 - e™)7'¢, = (A,(2) - b,Ay(2))
. (l __e27uz)—lé2 — h

(_eZm'zI _ bz)(l _ e27uz)—lé2 ( 27tizAl—l(z) _ b2e2nizA2—l(Z))
(1=l = hy(2),

(2.57)

where

a

a a ~ al

¢ =(6ys---56), ¢, =(6135---5Cp),

hy= 0 hyys sy, = 03) Ry By,
A,(z), Ay(z) are diagonal matrices

iﬂk-rmz

(2.58) A2 =€, 07, By(2)=]le

jk"j,k:l :
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Taking into account the Parseval formula for the Mellin transform

(2.59) /°° ()P di = —— e \h(z)[*dz
0 271 Jij2-ioo

and the relation

(2.60) M(tdh/dt) = —zh(z),

we obtain that

(2.61) detM(z) #0, z=4%+it, 1€R,

is a necessary and sufficient condition for the invertibility in Z; , , VN, >0,
of the operator @ defined by the left-hand sides of (2.36), (2. 42) Here M (2)
is the matrix of the system (2.57). Note that Rod)_] will be the right inverse
to & :

#R® =1 O

We shall now simplify condition (2.61). Denote
(1 _ e2mz) cl _ (1 27u'z)-lA‘(Z)€'2 _ d‘ ( )
(1 _ e27nz) ]e27uzAz (Z)Cl . (1 _ e2mz) Cz _ d (Z)

Let A;(z) be the matrix of the system (2.62). Since A,(z), A,(z) are diagonal
we obtain

(2.62)

_eiﬂkZ

2mz 1Bk+,,,z -1

m
detA,(z) = (1 - €)' T det

(2.63) i
_ _ 2mz H 1+ei(27l“ﬂk+m+ﬂk)2).

We shall assume that
(2.64) 14 PentPT 40 z-Liir, VieR, 1<k<m.

The case when (2.64) is not satisfied will be considered in Remark 2.2.
When (2.64) holds, system (2.62) is invertible for any z = 1 + it and system
(2.57) is equivalent to the following system:

(2.65) dy = bdyd, =y,
(2.65) ~byd, +e7AT'd, = .
Substituting d, from (2.65) into (2.65") we obtain

(2.66) (=b, + €A b A)d, = by — A .

Therefore the condition (2.61) is satisfied iff (2.64) and the following condition
hold:

(2.67)  det(=b, + €A (2)b,A,(2)) #0,  z=4+it, VieR.
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We shall find more explicitly the dependence of b, and b, on s. It follows
from (2.31), (2.44) that

a oo . \ST1/2
bjkl = (cosi +Ajsm§ - 10)
b(0)

( o4 i . a
k1 Cos D) k+m sin 3

s—1/2
+u; sm 10)

1/2—s  _i (o
10) e in(s—1/2)

(2.68) ’
bjk2 = (— cos = 3

0) L\ 1/2=s ~1/2)
+bis (cos 5 = Mo St 2 - 10) e e

where matrices bfo) =169 ™ jk=1» I'=1,2,are independent of s,

jkr
(2.69) b = B e 6T B, r=1,2,
Bl =B, (1,4)|, B =|B A= = A )l
(2.70) o
Bz—”B (1, )l B, =|B 2( I |

It follows from (2.20) that

o o \12 (cos(a/2) + A sin(a/2) . \*T?
(—cos-2-+uksm5—10) ( —cosa — A, sina 10)

. L\s—1/2 ) ) _

(2.71) = (cos% + 4 sm% - 10) (—cosa — A, sina + i0)!/2~¢

= ¢ o NSTY2 g —m)(1/2-s)

= (cosi +).ksm§—zo) e
and analogously

a L\ 1/2=s
(272) (c0s 5 - iy, sin 5  i0)
1/2=5 g _rvie_

Multiplying the matrix in (2.67) by
-1

a L\s—1/2
-2— - 10) ij

(_ -+ 1
Ccos 3 4, s1n
from the left and by

a N\ 12=s _iais—172)
(cos2 B S1 2—10) e ij

from the right, we obtain using (2.71) and (2.72) that the condition (2.67) is
equivalent to the following condition:

(2.73) detMy(z —s+4)#0, Vz=1+ir,
where
(2.74) My(z) = =bY) + AT (2)b0A,(2).
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Function det M,(z) is an entire analytic function of exponential type having
infinitely many zeros:

(2.75) det M(z,) =0, k=1,2,....
Let £ be the set of all s € R' such that (2.73) is not satisfied. Then
(2.76) seXiffs=1-Rez, forsomek, where det M(z,)=0.

Remark 2.1. Until now we have assumed that 0 < a < n. Now consider the
case when m < a < 2m. Note that Gjl(x2 , X, — 1) (see (2.23)) is well defined
and real analytic for all (x,,x,) € Rz\l"l . Analogously sz(y2 ¥, — t) (see

(2.24)) is well defined for (y,,y,) € RZ\F2 . Therefore u(x,,x,) is defined by
(2.25) for any angle a, 0 < a < 2n. We can consider (2.25) as an analytic
extension of (2.15) that is defined only when x, >0 and y, > 0. The Fourier
transform of G j,(xz ,X,) has the form

i i

(2.77) G, (&) = + .
s Gy~ ljél G~ '11‘+mfl
Analogously
— i i
(2.77) G, (n,.my) = + .
ST My = iy My = By

The application of boundary conditions (2.8) to G,,c,, is the same as in the
case when 0 < o < m. Now apply szAl_/z_‘ to G,,¢,, using (2.77) and
making change of coordinates y = U,_ x, n=U,_ ¢. We obtain

1/2—s
poB A leckl

a .« N\1/2=s
(27[) / / (ﬂl > '72 —n, cos 5 + 1, sin 3 _ 10)
Vi (#k sina — cosa N My SID O — COSa)
My — KMy Ny — Uy o™
. e—iylrll—i}’2'lz+it(—m cos a+1; Sina)Ckl (t) dt dnl dnz .

Now taking the restriction to I', = {y, = 0,y, < 0}, computing the integral in
n, using the Jordan lemma, and applying

(2.78)

pr,(i8/0y, +i0) ™'/,

we obtain (2.42) where bjik2 have the form (2.44). Analogously (2.36) holds
for m < a < 2n where bjikl are given by (2.31). Note a modification of the
proof that u € H]/2 N, (G) (see (2.26)-(2.29)). Let E,(¢,,<,) be~the same
“minus”-symbol as in (3.10) of §3. Let constant ¢, be such that Gj,(O, 1) -
¢oE,(0,1) = 0. Then (5jl(€l ,6,) — ¢ E, (&, ,éz))é}’l(fl) satisfies (2.28) and




INDEX FORMULAS FOR ELLIPTIC BOUNDARY VALUE PROBLEMS 301

G“C“ ps(G 1 iy COEZle) since p;E, ¢y = 0. Therefore all previous
results of this section hold without any change for 7 < a < 2m. Note that the

case a = 27 can be treated by methods of [3] (see Remark 24.2 in [3]).
Remark 2.2. Tt follows from (2.62), (2.65), (2.65'), (2.66) that
(2.79) det M(z) = detA, det(—b, +¢”"" A7 'b,A,) .

Therefore if the condition (2.64) is not satisfied then (2.61) fails for any s € R'.
Note that (2.64) is always satisfied when A4({,,&,) has real coefficients. Indeed
in this case one can choose

(2.80) Aiem=4is 1<j<m.

Then (see (2.54))

(2.81) ﬂj+m=2n—ﬂ_j

and therefore

(2.82) 2n+ﬂj—ﬂj+m=2Reﬂj, 0<Reﬂj<27t,

so that (2.64) is satisfied. Note when (2.64) is not satisfied it means that the
Ansatz (2.15) does not work. In this case we shall replace (2.15) by a more
general Ansatz,

“= Z 2n/ —le ()% lxlfldpl(é) ( )déI

(2.83) Jp=l
+ Z 27z/ —lyzuj(m ’ylmdpz(’h) 2('71)‘1’71’
Jj.p=1
where
(2.84) ¢ =0 forx, <0, ¢,=0 fory, >0,

d, (&)= d;,e(¢)+dmo( -Z).

Then instead of (2.57) we obtain
(2.65)

(D = b, *D7)(1 = ™)', - (A,(2)D; — b,Ay(2)D;)
. (l 2mz) , — h
(_eZnizD+ b Dz )(l _ 6’27112)—16.2 + (e2m'zAl—l(z)D:- _ b2e2nizA2—l(Z)Dl—)
X (l __eZntz) C] — h2’
where

(2.86) i=1,2.

= " ]p,”] D= 1°

Denote analogously to (2.62).
(Dfe, —A(2)D}e)(1 - &%) =d (2),
eZm‘zAz—l(z)(l _ e27tiz)-IDl—é1 _ (1 _ eZniz)—-lDz—éz — (22(2) .

(2.87)
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Then d,, d, satisfy (2.65), (2.65'). Therefore

2niz . —
(2.88) det M'(z) = det(=b, + ¢ AT 'b,A,) det4,
where

DY -A,(2)DS
2.89 A, = 2o 2
( ) det 4 det eanzA21D1 —D2

It is clear that choosing Dli N Df one can achieve that
detA, #0 forz=14+ir, teR.
Therefore the condition (2.73) is the only condition for the existence of a solu-
tion of boundary value problem (2.1), (2.7), (2.8).
Example 2.1. Consider the case when a =n. Then f, =n, 1 <k <2m, and

the condition (2.64) is satisfied. Also A,(z) = A,(z) = "I where I is the
identity matrix. The condition (2.73) is equivalent to the condition

(2.90) det(—e”" I+ 7B b7  £0, vieR'.
Let a; be the eigenvalues of

1
s—Ina;, —1<Rey

(0)y—14(0) . _
(by") by, 1<j<m and y, =5—lng,

Then (2.90) is equivalent to the condition

(2.91) s—Rey, #0 (mod k), 1<j<m,kel.

Note that roots of det M(z) have the following form in the case when o =7
(2.92) zkj=—yj+k, 1<j<m,kel.

Replacing s by s+ % we find that (2.91) is equivalent to corresponding condi-
tion in [3, §14].

Example 2.2. Consider the case when A4 (id/dx,,i9/dx,) is the Laplacian
82/6x12+32/3x22. Wehave A, = —i, 4, =i, B, =2n—a, B, = a. Therefore
My(z,) =0 iff

o~ 2HiH GiRR— )z miazi _ b§0)/b(0)

that is,
(2.93) ~2iaz, =) 7'B\” + 2k,

where —n < Im ln(béo))_lbgo) <n,kel.
Therefore s € X iff
(2.94) s=1+Re (ﬁln(bﬁo))'lbgo’) L

(e
for some k € Z. Here

e™™ B (-1, — i) e™ BV (—1, — i)

b(O) _

0 _
b, =

B/(1,-i) 2 B, -




INDEX FORMULAS FOR ELLIPTIC BOUNDARY VALUE PROBLEMS 303

Using (2.40) one can check that (2.94) coincides with condition (3.37) in [5]
since in [5, (3.37)] we had B,(1, —i) =1, B,(1, — i) = """,

3. UNIQUENESS OF THE SOLUTION OF THE MODEL PROBLEM
In this section we shall prove:
Theorem 3.1. Any solution of (2.1) belonging to Hl'; 5(G), N, 20, can be
represented in the form (2.15) with (c,,c,) € ‘%,N. , that is, Tm R, =ker4,n
HY 1/2.n5,(G) . (We assume that (2.64) is satisfied. Otherwise see Remark 2.2.)
Consider some boundary value problem (2.1), (2.7), (2.8) that satisfies con-
ditions (2.56) and (2.61). Then the fact that ImR, = ker 4, N H{)) \ (G)

is equivalent to the uniqueness of the solution of the boundary value prob-
lem (2.1), (2.7), (2.8) in H{)} » (G). Indeed the uniqueness implies that there

is one-to-one correspondence between ker AN H1(;2 N (G) and the right-hand
sides F € # \ of the boundary conditions (2.7), (2.8). Then u is equal to

ROQ"F , where ® is the operator defined by equation (2.36), (2.42), since
Lu=F and /R® 'F=F.

Proof of Theorem 3.1. Let u € Hl(}; ~(G) bea solution of (2.1) satisfying the
following boundary conditions:

sf(; 0 N o (; 0 8\, _
(3.1) D, (za—xl 10) B (axl,zax)lu—o,

(.0 .\ ©of.0 .98
(3.2) p2 <la—y]'|'10) sz (la—x',la—xz-) lu=0,

where B}?) are such that (2.56) and (2.61) are satisfied for the boundary value
problem (2.1), (3.1), (3.2). Note that we took s = % in (2.7), (2.8). Since

. .
(ii - iO) " and (ii + iO) ’
ox, 0y,

are “minus”-operators with respect to I', and T, , respectively, we have that

.9 .90 .
(3.3) AO (la—x‘,la—xz>u—0 n G,
o (.0 4]
(3.4) B} (z—axl 6x2> u=0 onl,
(.0 ; 0 _
(3.5) B, <t—axl 8x2> u=0 onT,.

We shall assume that BJ(.?)({] ,¢,) are homogeneous polynomials, degB}?) <
2m-1,i=1,2,1<j<m, N, >2m.




304 GREGORY ESKIN

Introducing polar coordinates (r,¢) in G and multiplying (3.3) by P
(3.4) by ™', and (3.5) by ™, we obtain

m) 9 9 _
(3.6) A (01555 ) 0ir.) =0,
where 0 <r < +o00, 0< 9@ <a, v(r,9)=u(x,x,),
) o 9 _
(3.7) le (¢,r555—¢;) v(r’¢)|¢=0—0’
(1) 9 9 -
(3.8) Bj, <¢,rar,6¢>v(r,¢)l¢,=a—0-
Here
2m k
(1) 9 9\ _ 9\ (,98
(3.9) %N (“’"a,’aq,)‘kzzoak ((p’&p) (rar) ’
m;
) () 9 9\ _¥ ERAYM:AY
09 B ) -E(2) ()
where

a,(9,0/09),  by,(9,0/00)
are differential operators in ¢ with periodic coefficients, dega, < 2m -k,
degb, , < m; —p. Note that
(3.10) (1,172 F, u(x,,0)] < CllAgu(x, , x)ll, fors> 4.
Since
u(x,,x,) € Hy v (G), N, >2m,

we have that for any 6, 0 < 0 < a, the restriction of (r(8/9r))*(8°v/8¢")
totheray I'y = {¢ = 6,0 < r < +oo} exists and belongs to L,(I'j) where
0<k+p<2m, p<2m-1: Denote by 9(z,¢) the Mellin transform of

v(r,p):
(3.11) i}(z,q)):/oov(r,(p)rz']dr.
0

Using (2.60) and the Parseval formula (2.59) we obtain

(3.12)
o0 9 2 1 1/2+ioc0 A 2
/0 rav(r,e) dr = m/l/z_’_oo |z0(z,0)|"dz
1/2+ioc0 oo
> % 0(2,0)2dz = c,/ w(r,0)dr.
1/2—ioco 0

Note that one should use (3.12) with v € Cg° (Rz) and then take the closure in
H:};M (G). An analogous estimate holds for d/dr(rv). It follows from (3.10),
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(3.12) that v(r,0) € L,(T,) for each 6 and 8 v(r,0)/8¢" € H, y _,(Ty),
0<k<2m-1.

Therefore performing the Mellin transform with respect to r in (3.6), (3.7),
(3.8) we obtain

(1) A P _
(3.13) AL («», z,a¢)v(z,¢) 0
i a A
(3.14) BY (0= 2.5 ) 0290 =0,
(1 d \ . _
(3.15) B, (¢, —2,5(;) 9(z,9)l,., =0
An arbitrary solution of (3.13) has the following form:
2m k-1 .
. 8" 9(z,0
(3.16) o(z,0) = Y, 50, (2.0),
k=1 4

where v, (z,9), 1 < k < 2m, is the fundamental system of the ordinary
differential equation (3.13), v,(z,¢) are entire functions of z, and

9" 0,(2,0)/09"" =4,
Note that 8*~'9(z,0)/0¢9"™" € L,(R") for z = 1 + iz. Substituting (3.16)
into (3.14), (3.15) we obtain a 2m x 2m homogeneous system for

8 '9(z,0)/09* ", 1<k<2m,

k—l»
Z (1) 9 9(z,0) ,
(3 17) B ( Z,%)'Uk(z,O)W=O, ISJSm,

k—1
(3.17) EB“’( a, —z aa¢>vk(z,a)3_a_;’lf_zl_’(’)=o, 1<j<m.

The determinant 2 (z) of (3.17), (3.17') is an entire function of z. One can
show that condition (2.56) implies that &'(z) is not equal to zero identically.
Therefore 6"“'1?(2,0)/6(0"’1 = 0 almost everywhere, 1 < k < 2m, and so
0(z,9) = 0. Therefore we proved the uniqueness of the solution of (3.3), (3.1),
(3.2) and consequently that Im R, = ker 4 an;; N for Ny>2m. O

Now we shall show that ImR, =ker4,N Hl 12,05 that is, when N, =0.

Proposition 3.1. Operator & is bounded from ker A, N Hf};,N.(G) to Z’é’M
where N, >0 is arbitrary:

sf. 8 \Tmml2 1/2-s ¥ 1/2
(3.18) P, (le - zO) B A" lu < ClliAg lullg y, »
O,Nl
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s-—mjz—l/Z +
[P; (—iai cosa — ia—a— sina + iO) B, A1y
(3.18) * *2 0.M
1/2
< ClAGTully .

forany uekerd,n Hf;; ~(0).

Proof. Consider the case when s > m T % There exist “minus”-operators
E (i0/0x,,i8/0x,), k = 1,2, with the following properties (see [10]):

(3.19) GE(&),8) +6E (& ,6) =1,

where E, (¢, ,¢,) are C*™ (for |¢| # 0) homogeneous symbols of degree —1,
|E .| < c/l€|], k =1,2. Let p be an integer, p > |} —s|. We shall use the
identity

1=(¢,E, +¢2E2)2mp = Z ck,szflE?éflé?'

k|+k2=2mp
We have
s—mj;—1/2
P (ib%l - iO) B, A
. a . S—m,,—l/2
(3.20) = > (:ﬁ - zO)
ky+ky=2mp 1

k] k2
ki ko p—1172=s1, [ @ ; 90
"B e BV By AL l(<15}7> <155) u) ’

where / means an arbitrary extension. Note that all operators in (3.20) are
“minus”-operators. Substitute i9/0x, = —cotana/2(id/dx,) + (csca/2)A_
in (3.20) and (2.1).

It follows from (2.1) that

(3.21) 2 2mu— >l 9 : A%y inG

' ax, B kil \"ox, - ’

k,+k2=2m_;
where 0 <k, < (2m-1)j, 1<j<p,sothat k,>j.

Now substituting (3.21) into (3.20) and fixing an extension in the right-hand
side of (3.20) by taking an extension /u € Hl(;; N, (Rz) we cancel all negative
powers of A_ . From now on the proof of (3.18) will be the same as the usual
proof of the inequality

(322)  [pfFYEI 1 9@y, < CIAY vllg 5., €>0, N, 20.

When s < m, + 1 wetake p > |s—m, — 3| +|3 —s|, use (3.21) and (2.1)
to cancel negative powers of ¢, and A_ (if any), and then apply (3.22). The
estimate (3.18) is proven analogously. O
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Let u be an arbitrary function belonging to ker 4,N Hl(;% o(G). We want to

show that there exists F¥ e Ao such that u = R,F O Let lue Hl(;; ,O(Rz)
be an extension of u. We have

.0 .0
(323) AO (la_xl ,la—x2> lu= 8_>

where suppg_ ¢ CG and

(3.24) 1857 e I = [ 11" 1@ d& < +oo.

Here CG is the complement of G. There exists a sequence g, € }21 u(CG),
VM > 0, such that

(3.25) 1A > (g~ g )Mlp =0 asn—oo

(see, for example, the proof of Theorem 4.1 and Lemma 4.3 in [3]). Let ¢,(§) €
Cy (R%) be such that

4,)=0 for|E|>1/n,
/ b, (&) dE=1, / 16, @) dé < C,
R? R?

(3.26) / 6,0 dE=0, 1<kl<2m,
R?

[ (Z50.-0) & @de=0,  o<pism-2.
Then one can show that
(3.27) u, = A; ' (9,(x)g, (x))
satisfies p;Agu, =0, u, € Hl(;;,M (R") forany N, >0 and
(3.28) A (lu—u,)|l, — 0.
Therefore there exists F,fo) € 276, N, N, > 2m, such that

(3.29) pot, = RFY.

Consider a boundary value problem of the form (2.7), (2.8) such that (2.56) and
(2.61) are satisfied. Since we proved that &/ is bounded from ker AOOHI(;; 0(0)
to %’0 we have that &/ u, = F, converges in Z’b,o to Yu=Fe¢ )?6,0, F =
<I>F,f°) . Here ® is an invertible operator in Z’O,o » & R, = ®. Therefore u =
RF © where F =@ 'o/u=®"'F since ®' is bounded in #0 and R,
is bounded from Zj ; to ker4,N Hl(;; 0(G) . We proved that Im R, = ker 4,N
H{}) o(G). Let u € ker 4y N Hy)) ,(G) for some N > 0. Since H)) \(G) C

Hl(;;,O(G) there exists F© ¢ Ay o such that u = ROF(O). Applying some
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operator % satisfying (2.56), (2.61) we obtain that O 'Wu=F (0). Since
ue Hl(/l%’N(G) then also F ¢ Ay n - Therefore Im R, = ker 4 ﬁHI/2 ~(G)
forany N >0.

Remark 3.1. The proof that Im R, =ker4,NH, () 12,0 can be used to remove the
restriction N > 0 in Lemma 2.3 in [5]. Therefore Theorems 3.1, 4.1, 5.1 in [5]
are valid for N > 0.

We summarize the main results of §2 and 3.

Theorem 3.2. Operator &/ is bounded from kerAOr‘nHl(;;’ ~(G) to &  forany
N > 0. Assuming that conditions (2.56) and (2.61) are satisfied, we have that
R=R,®" is a bounded operator from Ay 10 ker4yn Hl(;% ~(G) and R is
the left and right inverse of & .

Remark 3.2. Using that R is the left and right inverse of &/ we can prove the
Fredholm property and the regularity results for the operator %, defined by
equations (1.1) and (1.2) by the same method of “freezing” coefficients as in [3,
§25]. We shall not consider this approach in detail in this paper because these
results will be proved in the next section in a different way.

Remark 3.3. Using that R is the left inverse of &/ , using the regularity results,
and expanding coefficients of (1.1), (1.2) by the Taylor formula at the vertex P, ,
we can obtain an asymptotic expansion of the solution u € H_ N, (Z) near the
vertex P, assuming that the right-hand sides are sufficiently smooth. The proof
is very similar to those of [3, §27, pp. 309-315] (see also [4] and [3, §13] for
the case of constant coefficients; for another derivation of such asymptotics see
[7]). We shall consider the asymptotic expansions and the problems mentioned
in Remark 3.2 in detail in another paper.

4. CONSTRUCTION OF THE RIGHT PARAMETRIX

4.1. In this section we start the construction of an operator R, bounded from

Z:,N, to H \ (<) such that

(4.1) #R =1+T,

where &/ is the operator defined by (1.1) and (1.2), I is the identity operator,
and T is a compact operator in #, , . It will follow from (4.1) that Ims
is closed and cokers/ is finite dlmenswnal Operator R, is called the right
parametrix or the nght regularizer of ./ .

4.2. Operator Rﬁ') . Let y,(x,,x,) bea C§° function in R* with support in

a small neighborhood of I_“k and such that y, =1 in a smaller neighborhood
of I', . On supp y, we introduce local coordinates (yﬁk),ygk)) where |y2k)| is

distance to /T',, IT', is a smooth extension of r Pl ygk) > 0 when (y, (k) , y2 )

inside & , and (yik) ,0) €T, . Also we shall assume that yik) is the arc length
of I', changing from 0 to q, > 0 when the point on I', changes from P, _,
to P, 1<k<N, Py=P,.
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Denote by Ri” the operator

N m

(1) (1) . 0
(42)  R(g.)=pgyd, (x : 15;) lh& + Py kE Zl ViR ¢ o
=1 j=
where pg, is the restriction operatorto &, /g is some fixed extension operator
from & to R® such that l,g =0 for large |x|, g€ H_,, , (<) and

(4.3) Wo&lls—am v, < 2”g”:—2m N

A(()") is a pseudodifferential operator in R’ with symbol A4; l(x,é) for & >
1, ¢; € Hy y ('), and operators R, ; will be defined later.

Denote by AY>~*(x,&) the following symbol:
(4.4) AP70(x &) = (a, ()¢, + ay(x)E, — i0) "

for x belonging to a small neighborhood &, of < in R’?, where (a,(x),
a,(x)) isa C™ vector having an acute angle with the interior normal to & at
anypointof I, , k=1,...,N, s(x)=sin Z,, s(x) =1, and A5 (x,8) =
1 outside Z,,, s(x) € C°(R?).
Operator R, ; expressed in W = (ygk) , yé")) coordinates has the following
form:
l [ o]

e = (k)
kjikj = g oo

k))

(4.5 R =iy, (v ® ) Al—/,zk_s (y(k) (k)

”71 s)'kj(y ”15

F () =i g )
“c(my e dny

where A'_/Zk' s(y(k),nik),ngk)) is the symbol A>™*™ written in y* coordi-
nates, lkj(y(k),rysk)) is the same as in (1.6'), c,‘:j(yﬁk)) = ckj(yfk)) for 0 <
»W<a, c,:'j(ygk)) =0 for y¥ ¢ 0,21, 1% = (n*, ") are the dual
coordinates to y(k) , and c",i.(nfk) ) is the Fourier transform of c,:'j(yfk)) .
Remark 4.1. (4.5) defines R, cy; for ygk) > 0. Denote by ij(y(k),xz,xl —t)
the kernel of R, ; for s =1:

U k) k) (k
(4.6) ijckj=/0 G, 0% ¥,y ~ e, (tydt.

It follows from (2.23) that G, ;0" x,,x, = t) is real analytic for (x,,x,) €
supp ¥, \I', . Note that (2.77) gives an expression for the Fourier transform of
G, j(y(k) »X,,X,) in (x,,Xx,). In the case when condition

(4.7) (supp ¥, N D) c Y,y > 0}
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is not satisfied we shall use formulas of the form (2.23), (2.77). One should
also modify (4.5) to
(4.8) Ryc, =AY 10/0y")G e -

Note that the principal parts of (4.5) and (4.8) coincide on supp y, . Analo-
gously to Remark 2.1, one can show that all results are exactly the same whether
(4.7) holds or not. Therefore we shall consider for simplicity only the case when
(4.7) is satisfied.

Note that AY*™**)(;9/8x) is a “minus™operator with respect to domain
2 ; that is, pgAl_/z_s(x)Ig does not depend on the extension of g from Z to
R%. Also, near I', we have

Al 2 Bk NG k NG k 1/2—

where aZk( ) > 0 and so that A'/ 275 is analytic in ’72 for Im ng") < 0.

Since Im4, ;é 0 for nk) #0, A'/2 s(y(k),r]lk),lkj(y(k),rplk))) is an elliptic

symbol in 'I,
Therefore estimates analogous to those in [3, §24] show that R, ; is a bounded
operator from H, , (T,) to ~,(Z). Also, it follows from [3, §24] that

pgy o f is bounded from H _am N, (Z) to H, N, (2). Therefore R is a
bounded operator from Z’“) =H_,, n@)xI; jHy 5 (Ty) to H (D).

4.3. Operator M“) Let ¢k,(ylk)) and ¢k2(y1k)) be C* functions such that
k k
(o,d(yl )) =0 for y( ) ak s ¢,(2(y1 )— 0 for y( ) ak, and ¢,,+9¢,,=1.
Denote by Al k an elliptic operator in R' with the symbol
k k k P k . tk)
(4'10) A] k(yg ),”i )) - ('Ig )_ 10) ¢kl(}’| (’15 )+ lo)a¢k2(y| )
Note that A" P is a “minus”-operator with respect to I', in the sense that
v_=0 for y(k) ¢ [0,a,] implies Ai',kv_ =0 for yik) ¢ [0,a,]. Therefore
pr, A‘: klg is independent of an extension of g from I', to R' where pr, is

s— mk, 1/2

the restriction operator to I', . Applying A to the boundary conditions

(1.2) we obtain
(4.11) pr AT B, Ju=pe ATk, 1<k SN, 1< <m;

IN j is a fixed extension operator from I, to R' such that N ; has a com-

pact support in R! and
+
(4.12) UOhkj]s-mkj—l/Z,N, S 2[hkj]s—mkj—l/2,N1 :
In (4.11) one should first take the restriction of B, jlu to T, = R' and then
apply pr, A7, =12 Note that
(4.13) h) = pr AT Pk € Hy (T
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The operator A ""” 12 is a Fredholm operator from ILIS_mkj_1 2N, () to

Hy  (T,). Indeed we have
S=my;—1/2 p —(s=my;—1/2) _

(4.14) A’(’; o _11/\2) pmy 172 =i h

A 7 TTALT T =14 T,
where I is the identity operator and T, , 7, are compact operators. Moreover,
the index of A} ™ =12 is zero. This follows, for example, from the fact that
if we introduce it, 7 > 0, instead of i0 in (4.10), then for large 7 we obtain
that AS;”~"/? is an invertible operator since 7|, T, will have a small norm
for 7 > 0 large. Since the norm of operator AI kt depends continuously

my;— -1 /2
on 7, we obtain that the index of A} ™~ 172 is zero. Therefore the problem of
the Fredholm property and of the index for the operator %, defined by (1.1)
and (1.2) is the same as for the operator defined by (1.1) and (4.11). We shall
denote the operator defined by (1.1), (4.11) by .%(') .

4.4. Composition Ms(”Rm . Now apply &/ M 1o Rﬁ” . We obtain
(4.15) Py A (x zaa )pgA( D (x zaa )Iog g+ Tye,

where T, is a bounded operator from H__, N (R yto H_, ., N (2). Also,

we have in coordinates y(k)

k) . O
(4.16) pgyA, (y ,zm) l//kRkjckj

k (k k
D k27Z AS_—Jl(/Z(y(k ’nlk) }‘kj(y(k) (k)))

—I() ()~ (k) (k)
Y c,q(ryl Ydn + T, ¢,

where T, ; are bounded operators from H, \ (I,) to H_, ., 2).
The prmcmal term in the right-hand side of (4. 16) is equal to zero since
k) (k k) (k
Ao 04,009 1)) =

We shall call operators analogous to 7, ; i
fore we have

(4.17) PoA(X, DR (g,¢) = g+ Tohg + 3 Ty 6y, -
k.Jj

-e

T, the smoothing operators. There-

Now substitute Ri') into the boundary conditions (4.11). Note that
(4.18) pr AT B AT e
We have

s— m 1/2 +
(4.19) PrA i B WR = P by Gy + Ty Sy

€ Hy , (T).
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where T, are bounded from H; , () to H, , (I,); b

kjr aTe pseudodif-

ferential operators in R':

1 [ K (k) —iy®p® ¥
420) byt =gp [ b 00 e e ) dn?,
where
(4.21)
B '(y(k) 0 r’(k) i .(y(k) 0 ﬂ(k)))
k k > ’ ’ 4 - i
b m) = SR 1 %) 1 somg =12, 0) (k)

= —_ k
AT 0.0 4 01,0, )

B, o is the same as in (1.7). Note that degn(k) b, »=0. Therefore b, ;» can be
1
represented in the form

@22) b, 000" = 80,0800 + b, ) 0(-n1),
where
+
(4.23) bkjr(yl ) bk_,,(y] :tl)a
0(t)y=1 fort>0, 0(t)=0 fort<O.

Therefore (4.20) can be rewritten in the form
(k k
(4.24) beirCar = b, VI ¢, + b, (Vi) ¢y,

where I'I*c,f, =F 'l(e(inik))c,fr(nl)) are the Cauchy-type integrals (see [3, §5
and 2]),

i [ o (Hdt
4.2 S _’_/ _SeHat
( 5) I1 Ckr :l:zn _ ygk):th—t

Note that the Shapiro-Lopatinsky condition (1.7) is equivalent to the condition

(4.26)  det|lbi, DI, #0, 0y <a, k=1,...,N.

Now we shall find pr, AS m” 1/ ZBle//an c,, for n # k. The kernel

Rn,(y("),yg"),yf”) t) ofthe operator R,, is C* for IS )|+|y(") —t| >0, that

is, when ( , y2 (n) ) ¢ T, . Therefore we can get nonsmoothing operators only

when k—n = +1. Moreover, since the kernel of R, is 0(1/(|y2")|+|y, —-t))),
the only contribution to the nonsmoothing operator comes from the vertices
P,_,and P, 1 <k <N, P, = P,. Indeed we obtain this nonsmoothing
operator if we freeze coefficients of 4, B,_, D B, ; at P,_, and consider
a constant coefficient problem with homogeneous principal terms in a corner
formed by the tangent lines to I, _, and I', at the vertex P,_,. Then we
obtain as in §2 a nonsmoothing operator similar to the operator in (2.36) act-
ing on ¢, = (¢}5, ... ,C,,). We shall call such operators the Mellin operators.
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We have
12 N m
S—my ;—
pl"kAl k Y Bkj (p.@ ZE Wanrcnr)
n=1 r=1
m + m
= Pr, (E byjrCir + E P Myj k1 k1
(4.27) r=1 =1
m N m
+ Z PiaMicj ket v T Z E Tkjnrcnr)
r=1 n=1 r=1

=h) —p AT 7B AT g, 1<k<N,1<j<m,
where T}, jny ATE smoothing operators, i.e., operators bounded from H, N T,
to H, v (I'},), b, jr are pseudodifferential operators (see (4.20) and (4.24)), and
M, s, arethe Mellin operators that we shall describe now in detail. Denote
by «,_, the angle between the tangent lines to I, and I', _, at the vertex
P._,, 1 £k < N. Note that the Jacobi matrix Qy(k-l)/g y(k) at P_, is
equalto U,  (see (2.5), (2.9)). Also, the coordinates of P,_, are (0,0) in

k k k k—
Y = )y (k=1)

Denote by Bkj,kil(y
coordinates. We have

(4.28)
Ay - (k)
M k-1 Sy =/0 Mo 00 by = @ )6y () Ay,
(4.29)

) coordinates and (0,a,_,) in y coordinates.

(k1) (k1)

"I(kj;l)) the principal symbol of Bkj in y

Ak +1
_ (k)
My ki1 /s = A My i 0 = @t ) (G Aty

where
M 0", -
ki k=11 sty — @_y)
k— k—
1 By (@ 0m T A, (D))
(4.30) 27 oo AT (@, 50,1570 4 (n*Y))

k-1 k—1)\ . S—myi—1/2
(-1 )cosak_l+).k_l’r(n§ ))sina,_, - i0)’ "™~

.e—i}’§k)3inak—llk—l,r('l(|k inf"_”(—y:k)cosak_.+ak_1—tk_.)d (k=1)
m

N o—
e
and analogously

(k)
My, — a4 tyy)

_ L/oo Bkj,k+l(0’0"’§k+l)’)'k+|,r(’7fk+l)))
(431) 27 J oo AT 0,0, 0 4y ()

k+1 . Sy —
-(—nf * )cosak —lkﬂ’,(nﬁk“))smak +i0) ™2
o' —a) sin ki (1Y) =in

~(\F—ay) cos ax —t541) dnﬁ"“’

(k+1
e

b
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where
(4.32) Ay ol@,0,1,4,_, )=0, 1<r<2m,
(4.32)) A1 000,0,1,4,, )=0, 1<r<2m,
(k1) (k+1) k1
(4.33) Aegr 0y 7)) = Ay My for '7§ '>0,
: k+1 k+1 Kt
}‘k:l:l,r(”( )= Aesn r+mn§ " for '7( V<o,

Computing integrals in n(ki” in (4.30) and (4.31) we obtain
(4.34)

(k)
M lr(yl sty — @_y)

E 1
21zz kjp1 (k)(ik | psmak | —cosay_ )+ a_, —t_,
_ 1
) ﬁp%l bkjplygk)(’lk—l,pm sinay_ | —cosoy_ )+ @, — 4, ’
where
(4.35)
by = Bijo(0,0, £1,4, (1)
(£,,(0,0) £ ay, (0,004, (1) — i0) >~ (=1 £ i0) ™~ /2
(4.36)

A,,(0,0,1 ,Ak‘,) =0, 1<r<2m, /1,”(+1) =Apyps A, (1) = —lkﬂm.
Note that b xjp1 are the same as in (2.31) if we choose (a,,(0,0),4,,(0,0)) =

(cos(ay_,/2), sin(a, _, /2})() and wekuse;d formulas of the form (2.34) and (2.35)
(k) (k=1

relating expressions in y*’ and y coordinates. Analogously
(4.37)
M, ( © _a .t )
kjk+1,r1 ko by
1
Z kjp2 . (k . k
27” Panfie y — @)y pSiney — ¥ - a,)cosa, —1,,,
1
Z kjp2 _ . (k) ’
27t1 p.r=l ) = @)y pym SR — (V] — @) COS — 41,

where bk ip2 are the same as b,fjpl but evaluated at the point (0,a,) instead of

(k)

(0,0). (Note that (0,0) are coordinates of the vertex P,_, in y’ coordinates

and (0,a,) are coordinates of P, in the same system of coordinates.) To
construct a right regularizer for Ms(” it is enough to prove that (4.27) defines

a Fredholm operator in I'[,I:'=l 1'[;.';1 H, y (I';) and to find a right regularizer for
this operator. This will be done in the next section.
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5. ALGEBRA OF OPERATORS CONTAINING
SINGULAR INTEGRAL OPERATORS ON AN INTERVAL

The system (4.27) can be rewritten as a particular case of the following system
of equations:
(5.1) b (O u+b_(Ogu+ @o()Myu+ ¢, ()M u+ Tu = h(1),
te[0,1],
where b, (t) are L x L C* matrices on [0,1], ¢,(¢) € C*(R"), ¢, =0 for
t<i, ¢ =1fort>%, 9,=1-9,, T isacompact operator in H, , (0,1),

+ i ! u(t)
(5.2) l'lou— E,/o m_—;d‘t, O<t<1,
1
(5.3) Myu = /0 mo( )“(’)d
! t—1Y\ u(r)
(54) Mlu-A m, (?:_l)‘[—ld

We assume that m,(¢), k =0, 1, are matrices having the following properties
(see [3, §§2 and 15]):

Cc
(5.5) Im, (1) < Tk 0<d<i,0<t<+oo,
5.5' Y <— . Vj>0,0<t<+00.
(5.5) ’ )| ERn t)‘ 550 VJ 0o

We shall call operators (5.3), (5.4) Mellin operators. Note that this class of
kernels m, (f) is much larger than we need. It would be enough to consider a
smaller class analogous to the class considered in [4]. Note that close results
were also obtained in [1].

In this section Hy y, (0,1) means the Sobolev space with norm

k +
(w2 y, = E - t)“’—u(t)] ,

0
where [v];,r is the norm in L2(O, 1). Note that Mellin operators M, M,
are bounded from H, ;(0,1) = L,(0,1) to H, y (0,1) for any N, > 0. We
shall find conditions when the operator ® defined by (5.1) is Fredholm in
H, »,(0,1). In order to rewrite (4.27) in the form (5.1) we shall assume without
loss of generality that N is even. Otherwise one should add artificially to I’y
an additional vertex dividing I', into two parts. Then we shall make the change

of variables

(5.6) yik)- a.t, tﬁk)=ak1, 0<t<1,0<t<1, whenkisodd
and
k k
5.6) yH=aq0-1, “=a01-1),
0<t<1,0<7t<1, whenk iseven.
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Note that the reverse of the direction change H(‘; to II, and II; to Hg:

. 1 . 1 o /
I'Ia'u= L/ u(t) dee / u(l—t)dr
0

(5.7 )y t=t+i0" " 2n )y 1-0)—(1-7)+i0
' _L/lu(l_T/)dTI_n‘
T2y 70 oM

where ' =1—1, ©'=1-1, u/(t) = u(1 — t). Analogously
(5.7) Myu=Tu, u()=ul-1.
We have

+t.y ot 1 ! 1-1t t u(‘t)
(5.8) I (T ) = T u + G/o (ml—_T-ln;) w0 g,
Indeed
(5.9)

SN2 [l 1
+ .y . l 1 1
HO(HO“)‘e._.léfgqo (27[) /0 t+ig, —y (/0 y+i82—ru(1)d1) ay.

Integrating in y we obtain

. 2 1
+ . . l 1
(5.10) Ty (T u) = e1—~13r,2~0(2n) /0 (i, vey) -7

(In(y + ig, — 'r)|(1) —In(y —t- ial)|(;)u(t) dt,

where In z is the branch of logarithm that is real for positive z. Therefore
In(y + ie, - t)|(l, —In(l-7)—in—Int ase, -0

and
ln(y—t—isl)|(',—>ln(1 —t)-Int+in asg — 0.

Therefore we obtain

(5.11) Iy (Myu) = u— Ku,
where
. 2 1
R 1-1¢ t\ u(r)
(5.12) Ku—(ﬁ) /0 (lnl_T ln‘t) —t_Td‘t.

Note that X is a Mellin operator of the form (5.3), (5.4) with a kernel satisfying
(5.5), (5.5'). Analogously one can check that

Iy (Myu) =T, u — Ku,
Iy (g u) = I, (Tyu) = Ku.

Consider a Mellin operator on the half-line ¢ > 0:

(5.14) Mu=/0°°m<5>5(1i)dz.

(5.13)

T
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Applying the Mellin transform, one obtains (see, for example, [3, §15])

(5.15) Mu(z) = m(2)i(z),

where #(z) is the Mellin transform of u(t) and

(5.16) M(z) = / m()*~" dt.
0

Note that (5.5), (5.5') imply that M (z) is an analytic function in the strip
0 <Rez < 1—- rapidly decreasing as |z| > oo for +e<Rez<1-6+e,
Ve > 0. We shall call #(z) the symbol of operator (5.14). Also, we shall call
y(z) the symbol of operator (5.3) where 7ity(z) = [;° my(t)t*~" dt . Note that
(1 —py(t/e))Myu and My(1 — ¢,(t/e))u(r) have a C* kernel for any ¢ > 0
so that the main contribution to the Mellin operator M, comes from the small
neighborhood 0 < ¢ < ¢, 0 <7 <eée. Analogously we shall call —, (z) where

(5.17) m,(z) = / m ()t dt
0
the symbol of Mellin operator (5.4). For example, the symbol of

Kyu= (%)2/01 (ln%) tu(_—‘t‘)td‘t

- 1 1 e2m‘z
(3.18) Ky(2) = (1= e7i%)2 Tl (1— i)
To compute (5.18) we used formulas of the form (5.13), (2.52). Analogously

the symbol of ,

: 1

Ku= <2L) / lnl_tﬂdt

/4 o l—-1t—-1
is equal to
(5.181) I/(\I(Z) — _eZntz/(l _ e2mz)2 )
The minus sign arises because when we convert the Mellin operator of form
(5.4) to the operator of form (5.3) by changing ¢t to 1 —¢ and 7 to 1 — 7
we get a minus sign because of 7 — 1 = —7'. We have (cf. [3, §15] and [4])
that the composition of two Mellin operators of the same form (5.3) or (5.4) is
again a Mellin operator of the same form modulo T, where here and below T
means a bounded operator from Hy N, (0,1) to H, § (0,1). Also, the symbol
of the composition will be the product of symbols and (see [3, §15] and [4])
the compositions I'I; M,, TI, M, Mol'lg , M\I1, are Mellin operators of the
form (5.3) modulo T with symbols

is equal to

e27u'z
1— e2niz mO(Z) ’ 1 - e2m‘z mO(Z) ’
e2niz X

1 — o2 my(z),

1 "
[ — o272 my(z),
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respectively. If M, has form (5.4) then l'Ig M, , I, M, are also operators of
form (5.4) modulo T with symbols

e27tiz . 1

1 _eZnizml(Z)’ 1 _e21tizrhl(z)'

Therefore operators (5.1) form an algebra. To any operator of form (5.1) we
shall assign a symbol in the following way: Consider an infinite “rectangle” with
vertices (clockwise) at (0, —o0), (0, + ), (1, +00), (1, —o00). Denote by
» the boundary of this “rectangle.” On the top horizontal side we assign b_(¢),
0 <t <1, on the bottom horizontal side we assign »_(¢), 0 <? <1, and on
the left vertical side we assign

e2m‘z 1
(5.19) MO(Z) = —1_—e2mzb—(0) + 1= 21uz +(0) + mo(z)

where z = %+it , —00 < 1< +00; T=—00 corresponds to the vertex (0, —o0)
and 7 = +oo corresponds to the vertex (0, +oc). Here i (z) is the symbol of
M, and (5.19) is the contribution of the left endpoint of [0, 1] to the symbol.
Finally, on the right vertical line we assign

1 e27nz

Wb_(l)—w (1) = (2),

(5.20) M,(2)= — 1

z= %+it , where 7 = —oo corresponds to the vertex (1, +o00) of the “rectangle”
and T = +o0o corresponds to the vertex (1, — oo). Therefore (5.20) is the
contribution of the right endpoint of [0, 1] to the symbol. Note the difference
between (5.19) and (5.20). The explanation of this difference is that the model
problem for the right endpoint is the equation of the form

(5.21) b,(1)5 / “(’) sdt+b_ (1)( 2;{)/_;%1(’_)%(11

! t—1Y\ u(1)
+/_mml(1_—1)1_1d1—h(t), —oco<t<l.

When one transforms this problem to the positive axis changing ¢ to ¢ =11,
then IT", II", m,(¢) change to IT", II*, —m,(t), respectively. Therefore
we constructed a continuous matrix ¢(B) on y and we shall call this matrix
the symbol of operator B defined by the left-hand side of (5.1). As in [3, §15]
we have the following theorem:

Theorem 5.1. The symbol of the composition of two operators B, and B, is
equal to the product of symbols a(B,)a(B,), and the necessary and sufficient
condition for the operator B to be a Fredholm operator in H, y (0,1) is that
o(B) is a nonsingular matrix for any point of y; that is, B is Fredholm if

(5.22) detb (1) #0, detb_(1) #£0, 0<t<l1,
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e27u’z 1
(523) det (—Wb_(()) + Wb_’_(()) + mo(z) # 0,

z=1+4it, —0 <1< +00,

1 eZniz A
(5.24) det (Wb—(l)’:ﬁ??h(l)_ml(z)) #O,

z=1+ir, —0 <1< +00.

Moreover the index of B is the winding number of deta(B) counting clockwise:

indo(B) = Tl—Aargdeta(B)
T Y
1 0 1 *
(5.25) = 2—ﬂAargdetb_(t) » + EEAargdetMO(z) .

1 oo

1
+ _nA argdetb (1)

2 2

The proof of Theorem 5.1 is the same as in [3, §15]. Note that we always can
apply b;’ (t) to (5.1), just reducing the operator B to the case when b_(f) =1
and b_(t) is replaced by b:' (t)b_(t). Then the symbol of B will be defined
on an infinite “triangle” when the top side of the “rectangle” shrinks to a point.
In this case the formula for the index has the form

+ LA argdet M, (z)
0 n

= T=—00

0
indB = %Aargdetb:l(t)b_(t)
1
1 -1 o
(5.26) + 2—7;Aargdetb+ (0)M,(z)
T=—00
[o o]

+ LAargdegb—l(l)M.(Z)
27[ + T=-—00

We shall apply conditions (5.22), (5.23), (5.24) and formula (5.25) or (5.26)
to the system (4.27). Condition (5.22) has the form

k
(5.27)  det|lb, T #0,  0<y<a, k=1,...,N,

where bk*j,(ysk)) are the same as in (4.21), (4.23). Indeed b (¢) are L x L

matrices consisting of N m x m blocks ||bkijr||7,r=1 along the main diagonal,
L = mN . Now consider conditions (5.23), (5.24) in the case of system (4.27).
Again each of mN x mN matrices My(z) and M,(z) consists of N/2 blocks
of size 2m x 2m along the main diagonal. Each of these 2m x 2m matrices
M (k")(z) corresponds to the contribution of the vertex P,_,, k=1,...,N,
P, = P, and conditions (5.23), (5.24) are equivalent to the conditions

(5.27) detM* V(z)£0, z=l+ir, —co<T<+400,k=1,...,N.
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We shall write an explicit expression for M (k“”(z) , 1 <k < N. The situation
here is the same as in §2.
Denote

+ +
(5.28) b = 1bpll} e -
where b,’fjp, are the same as in (4.35). Analogously

+ +
(5.29) bk_| = ”bk_l,jplllT,p:l ,
where b,f_, jp1 are given by (4.35) with k replaced by k—1, (0,0) replaced
by (a,_,,0), and (£1 — i0)’ ™ '/? replaced by (1 + i0)* ™"~/ (see
(2.68)). Denote
(5.30) A (2) = ™75,

where
(5.31)
iﬂk’p = In(cosa, _, +Ak’psinak_1), 1<k<N,1<p<2m, P,=Py,

0 <arg(cosay_, +4,,sinay_,) <27.
Then it follows from (4.34), (4.37), (2.57) that

m lﬂ p+m m
p”j,p=1 > Akz(z) = |le ko 5jp||j,p=1 >

(5.32)
M(k—])(z) _ (l _ e2niz)—l
ezﬂIZ(A;]](Z) _ bk_lA;zl(z)) (iﬁ) _eZﬂizI _ bk_l ’
where
(5.33) bo=b) b, b =) b,

Note that factors (a,/a,_,)° and (a,_,/a,)’ appear because of the change of
variables (5.6), (5.6'). As in (2.79) we have

(5.34)  detM* 7 V(z) = det(~=b,_, + €A (2)b A, (2)) detA,(2),
where

I ~A(2) (%)
€2niZA;21(z) (zf—f-l)z _J
Without loss of generality we shall assume that

(5.35)  Au(z)=(1-€%)7!

(5.36) dctAk3(z) =(1- eZmz)—l H(—l +e'(2ﬂ’ﬂk.}+m+ﬂk/)z) £0.
j=1
Otherwise we should change the operater (4.5) (see Remark 2.2). Note that

(5.36) is always satisfied when 4,(x,¢,,¢,) has real coefficients. Then we have
(see (2.82))

(5.37) 21~ By om+ B =2Ref;, O<Ref <2r.
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Therefore condition (5.27') is reduced to the following condition:
(5.38) det(=b,_, +€ AL (2)b,A,(2)) 0,
z—§+z1:, —00<Tt<+00, I<k<N.

Analogously to (2.73) we shall simplify condition (5.38) to make the dependence
of s more explicit.

Denote
(5.39) ||Bk10(0 0,+1 Akp(:tl))"j =1
+ 2—
(5.40) a, = ||(:I:a1k(0,0):haZk(O,O)).kp(:I:l) - 10)1/ séjp";.",p:l.
Analogously
+
(5.39,) bk—l ’0 = "Bk—-l ,jO(O’ak-l 9 :t l $A'k_] ,p(il))":'n,p=1 >
(5.40)
+ . -
a5, = (xa, (0,8, ) £a, ;0,0 A, ,(F1) = i0) 776 |7
Since
(k—1) (k—1) (k) (k)  (k=1) (k)
M tay 1’72 =a N ta k"z N =Up g 1
and )
sina,_, — /lk’p cosa; _,
bemtp = —cosa, , —A, sina
k=1 "%k p k-1

(see (2.20)), we obtain
Ay g1+ Aoy p =~ COS QY — Gy singy
sina,_, — ).k’p cosay _,

(5.41) (@y siney_ ) —ay cosay_,)

—cosay_; — 4 ,sinoy_,
. -1

= (@ + aydy ,)(—cosa,_ -4, sina,_))
Therefore

.~ 1/2—
(5.42) (ial,k—liaZ,k—l)’k—l,p(il)_lo)/ ’

—s i(n—gE _

= (£ay, * aydy, (£1) - i0)' /27 A2,

since
—n < arg(+a, h—1 E az,k_llk_l ’p(:l:l)) <0
and ‘
0 < argePv = arg(cosa;_, +4, ,sina;_) < 27.

Here we denote 8, , = B, ,, ﬂ,; =By pom- We have

(5.43) by = biar, = |le™ ™™g llbear
(5.44) be_ l—b*oaz TN G - ),

- —1/2 - - i —5) , —
(5‘45) bk_l - "em S=My—y 1/ )5jp||bk_,,0ak e”t(l/z S)Akzl(% _ S).

0% >
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Substituting (5.43), (5.44), (5.45) into (5.38) and multiplying from the left by
det a; and from the right by det(a,:)_l , we obtain that (5.38) is equivalent to
the condition

(5.46) det(—A l(% —5)( l: 10)_1"e_inm’(_l‘jéjp”bk——l,OA;Zl(% _s)eiﬂ(5—1/2)
2 Z .- - : - —in(s—
A (2)(big) e ™8 b (2)e TPy 2 0.

Dividing by detA, (} — 5)e™ 2 and detA,, (4 —s), we finally obtain the
following condition:
(5.47) detM, | ((z-5+3)#0, z=31+7, —00<T<+00,
where
M, (z—s+ o))
= ("(b/:—l,0)—]||e—mm‘(_"15' 1be_1 0
27u'(z—s+l/2)A;1 (z—s+ )(bko)
Ne™ ™6, lbrhy(z—s+1),  1<k<N.

Denote by X, _,, 1 < k < N, the set of zeros of det M, | o(z) (see (5.48)).
Then s € R satisfies (5.47) iff

(5.49) 1-5 ¢ ReZ, _,.

(5.48)
+e

We shall summarize the main results of this section:

Theorem 5.2. Operator ®_ defined by the left-hand sides of (4.17), (4.27) is
Fredholm in Z’d’M iff (5.27) and (5.49) are satisfied forall k =1, ... ,N. The
formula for the index has the form

0

ind®, = Zi—Aargdet(b W b )
(5.50) o=

1/2+ic0

b

Mo k
ZT argdetM( —1)(2)
k=1 1/2—ioco

where (k) (k)
m

are the same as in (4.21), (4.23) and M(k ')(z) are the same as in (5.23). Note
that the direction in (5.50) is clockwise with respect to Z .

Remark 5.1. In Theorem 5.2 we assumed that condition (5.36) is satisfied for
1 < k < N. Otherwise one should change operators (4.5) (see Remark 2.2).
Then operator @ will change and (5.27), (5.49) will be the necessary and
sufficient conditions for the Fredholmity of this operator. Note that the final
result concerning the Fredholmity of %/ will need only the condition (1.7) that
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is equivalent to (5.27) and the condition (5.49). Also note that if one needs to
add an additional vertex to make N even then the condition (5.27') for such a
vertex is always satisfied and also the contribution of this vertex to the index is
equal to zero.

Example 5.1. Consider the case when o, =n, k=1,...,N, that is, the case
of mixed elliptic boundary value problems in a smooth domain (see [3, §24]).
Then we have

(551) By, = tin(cosa_, +4,  sine,_) =7, 1<p<2m,
(5.52) A (2) = Apy(2) = ™1,

where I is the identity matrix. Also (see (5.36))

(5.53) detA,,(z) = —(~1+ €)™}

and (see (5.34))

1 2miz\—1 b Znizb _ 1 b eZ”iz b
—(I-e77) (=b_ +e" b)) = 1= o2z k=1~ [ _ iz k

1 e—-2m
= (1 +e—27l1bk—l + l+e—2ﬂ1bk 4

be_y = (e (@) By (@), b, = (5 (0)) ™' b (0),

b;t(yip)) are the same as in (5.50), p = k — 1,k. Note that when 7 changes

from —oco to +oco then (1 —e*™?)7'(b,_, —e*™?b,) describes a line segment
in the space of matrices connecting b, _, and b, . Note that this line segment
does not intersect 0 because of (5.38).

(5.54)

where

Consider a discontinuous matrix function on 62 equal to
k) =1, -, (k
G oP) oy W) onT,, k=1,...,N.

Connecting b, _, with b, by a line segment, we obtain a continuous curve.
Then (5.50) implies that ind ®_ is equal to the winding number of the determi-
nant of this closed curve counted clockwise. We shall prove in §7 that ind @,
is equal to the index of operator & defined by the boundary value problem
(1.1), (1.2). In the next section we shall find another expression for ind®, that
makes the dependence on s more explicit.

Note that there is an easier approach to the computation of the index of
mixed boundary value problems based on the study of the Riemann-Hilbert
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problem with discontinuous coefficients (see [3, §14 and (15.47)], where a sim-
ilar problem was treated).

6. COMPUTATION OF THE INDEX

In this section we shall find simpler formulas for the index of operator @, .

It will be proved in §7 that operator Rﬁl) (see (4.2)) is always Fredholm and
has zero index. Therefore ind ®_ = ind.%/ .
We have (see (4.21), (4.9), (4.10)) that

(6.1)
k (k k
det||b;, (") M = det||B, ;o ,0,1 010
m
@0, 0) + ay v, 04,01, 0) — i0) ',
p=1
(6.2)
det||b.. ()| = det||B, ,»¥,0, -1, -4 ® o
¢ " kjp yl )" ¢ “ ij( > k,p+m(y1 s )”

m

k
-H(—alk(yg )’0)—a2k(yik)’0))’k,p+m( ® 0) - i0)"/**
1

b}

m *)y i (k)
.He n(s— mk,—l/2)¢k,(y| )Hir(s—my;—1/2)@ia(yy")

—

~.

It is clear that

0
k)

2n
(6.3) /=1 »o=a

=—Z(5—mkj— 1/2).

J=1

1 AargH o~ M=M= 120k XY +in(s—my;—1/2)pxa (v,

Note that g, k(ygk ,0) + a,, (y ,0)A, p(yﬁk) 0) belongs to the lower complex
half-plane for all y(k) 0< yﬁk) < g, , since ImaZk(y ,0)A, p(yik) 0) <O.
Therefore the increment of the argument of

(k .
(@, 0" ,0) + ay W, 04,0\, 0) - i0)
is equal to the difference of the arguments at the endpoints P,_, and P, . Note

that in y(k) system of coordinates the coordinates of P,_, are (0,0) and the
coordinates of P, are (a,,0). So

12—
[2=s onT,

1 2-s|°
ZnAarg(alk(yl ,0) + a,, 0, 002,01V, 0) - i0)' /7

(k)

(6.4) y=a,
= 2= (91, (P ) — 91, (PON(1/2-9),
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where ¢, (P,) is the argument of
k k
a, (0, 0) +a v, 04,0\ ,0) atp,
(6.5) —n<(pkp(P,.)<0, i=k-1,k.

Analogously

0
k) . 1/2—s
»\,0) - i0)
66) " o W-a

= o= Py (Pey) — 0y (P12 = 5),

1
—Aarg(-a, " ,0) — a, (¥, 00

where ¢, (P,) is the argument of

-2, (»{,0) - 2, 1, 004 ,,,,0) atP, i=k-1,k,
(6.7) - <9, (P)<0, i=k-1,k.

It follows from (5.42) that

(6.8) Oi—1p(Per) = 9% y(P_)) =m—Ref ,
(6‘8,) ¢k_—l,p(Pk—l)_(01:,;)(}’k-l) =“—Reﬂk,p+m'
Therefore using (6.8), (6.8') we obtain
(6.9)
N
1 . _
o Aarg 1‘[( ~a,,({?,0) - 2, V1, 004 ,, ., 0) - i0)!/**
= p_
H(a,k(y. ,0) +a, (W, 002, ,0) - i)'/
p=1
1 (1 LA A - . .
-5 (2-9) 323 Py B = P (B~ (8L (B = 0 (B
1 (1 nyoo_ -
-5 (3-9) 33 (05 Fec) = P B

— (Pep(Pe_y) = 051 ,(Pe_))

1 /1 m N
~2n <§ ‘s) YD ((ReBy ,,m—7)— (ReB,, —m)).

In (6.9) we used the notation P, = Py, ¢y (Py) = 05 (F,).
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Therefore
0
Z Aargdet b+(y1 )) ‘b;(yﬁ"))
y(k)—ak
N 0
(6.10) =Y 5-Aargdet(bf, () b0
k=1 »W=a,
2 M+ g <§ B s) 22 (ReBy pym —Refy ,+2m),
k=1 j=1 k=1p=1
where
(k)y (k) (k)
(6.11) Bio01) = B0, 0, 1, 4, 0, I s

(k
boW) = 1B ;e 2,0, =1, = A ODIT

Now we shall compute (1/2n)Aargdet M (k"”( z) }gt’;‘; . We shall assume from

now on in this section that Ay(x,¢, »&,) is real. Then (5.37) holds. We have

1 2Re g 2. |12
(6.12) =—Aarg(—-1+e k%)
27 1/2—ioco
= LAarg(—l+eim’ﬂ"’"zReﬂ"f’)oo = _l_(n—Re,B )
27 re—oo 2T ki’
It follows from (5.34), (5.46), (5.48) that
1 ko), |12 1 1/2+i00
—AargdetM"~ '(2) = —AargdetM,_, ((z—s+%)
2n 1)2-ic0 2T ’ 1/2—ico

(6.13)

1 1/2+ic0

+ EAargdetA“(z)
Consider first the case of second-order elliptic operator A,(x,id/dx) with real
coefficients. In thiscase m=1.So j=1, p=1, p+ m=2. We have (see
(5.48))

1/2—ioco

—inmy_ 1, |b— —mmk lb—

(6.14) M,_ (2)= k=10 k.0 ,i(z=s+1/2)(2n P +Bic)
: k-1,0\¢/ = T s
bk—l,o bk,o

where (see (5.39), (5.39"))

(6.15) by =B,4(0,0, +1,4,)),  by=B,(0,0, =1, —4,),
b;-l,o =By 10(@_1:0, + 1,4, ),

(6.16)
b1 o=Br_1,10@._,,0, -1, = A_12)-

Here BplO( ,nﬁp) ,ng")) , p =k —1, k is the principal part of the bound-

ary operator on I“p‘ written in y(") coordinates, (0,0) are the coordinates of
[
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the vertex P,_, in the y(k) system of coordinates, (a,_,,0) are the coordi-
nates of P,_, in y(k") coordinates, Akj = ).kj(0,0), j = 1,2, are roots
of A4y(x,$) = (§, — 4,(x)¢,)(§, — 4,(x)¢,) written in y® coordinates, and
lk_l’j = }»k_l’j(ak_l ,0), j=1,2, are the roots of 4, in y(k'l) coordinates.
Note that (see (5.37))

(6.17) 2n+ By — By, =2Re By,

where (see (5.31))

(6.18) iﬂkj=ln(cosak_1+lkjsinak_l), O<Rep;<2n, j=1,2.

Denote
(6.19) Vet o = (1/200)n(boby_ o/brobi_y o)
where we take the branch of logarithm such that
(6.20) —%<Rcyk_1,os%, k=1,...,N.
We have
1 1/2+ic0
(6.21) EAarng_l 0(2) '
1/2—ioo
1 2miy, +ri(my,+m )+i(4n—2Re By )(z—s+1/2) 1/2+ie0
= ——Aarg(—l +e k—1.0 k1 k—1,1 k1 ) .
2n 1/2—ico
Note that the Fredholmity condition (5.47) has the following form:
m, +m R
(6.22)  Rey_; o+ ———5——1t+ (2 - —"%) (1-5)#0 (mod p),

where pe Z.
Therefore there exists an integer p, , such that

Mgy +m i1

Re
(6,23) Reyk—|,0+ 2 + (2——nﬂ£-l-) (l—s)=pk_|+5k_|’

where 0 <9, _, <1. So

1+ e2m’yk_, otri(mg +my_y )+i(4n—2Re By )(z—5+1/2)
(6.24) -1+ eZm’dk_.e—h Imy,_; o—(4n—2Re f;))t

Analogously to (6.12) we obtain

AargM, . (2) =

(6.25) n—2m8,_,).
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It follows from (6.10), (6.17), (6.13), (6.12), (6.25) that the index of operator
® in the case of a second-order operator has the following form:
0

ind®, = 22 Aarg(bko( (k))) broy (k))

(k)

Y, =ax
1 N
(6.26) +ka, +37(1/2-5) ) (4n - 2ReB,,)
k=1 k=1
L N
+Z(-2-—5k_,>+z< Reﬂkl)
k=1 k=1
where (see (6.11))
6.27 b)) = Buso0r” 0,1, 4,01, 0),
(6.27) = [,k (k) (k)
byo(v) )=Bk10( 0, =1, =4,(0,7,0)).
Note that
N Nm, +m, _
(6.28) Sy, =3 T e
k=1 k=1
where by definition m; | =m, .
Therefore
0
(k) (k)
ind®, = Z s Aare(b07 ) b))
(6.29) k= 'N & .
m, +m R
+Z k1 5 k—1,1 +Z(1_S) <2_ eﬂkn) de -
k=1 =1

Substituting (6.23) into (6.29) we obtain

(6.30) ind®, = Z S Aarg (b (/) ™ by Y§k)

ZRer 1o+21’k 1
3

where p,_, are the same as in (6.23) and y,_, , are the same as in (6.19).
Consider a discontinuous curve on

N —
=Urk
k=1

equal to (bko(y(k)))"bko(y(k)) on T, . For each vertex P,_,, I<k<N,

Py=Py, P_, =T, NT,,

connect (b;,(0)™"'by(0) with (b, o(a,_,))” ' br_, o(a_,) by a line segment
if [Rey,_, ol < 3 or clockwise by an arc if Rey,_, o = 3. Then we obtain a
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continuous curve in the complex plane and its winding number k, will be an
integer. We have

0
1 & - X
(6.31) Ko = 5= 2 Aarg(Bo0n) boOn)| — Y_Rev_y o
k=1 ay k=1

Note that (see (6.19))

(6.32) arg(by_, o(@,_)” ' be_; ola,_,) —arg(by (0)”'be_,(0)
=-2nRey,_,, (modp), peZ.
We have proved the following theorem.

Theorem 6.1. In the case of a second-order equation the index of operator ®
has the following form:

N
(6.33) ind® =x,+Y_p_,>

k=1
where K is defined in (6.31), (6.27), (6.19) and p, are defined in (6.23).

Note that x, is counted clockwise and is independent of s and the order
m,, of boundary operators B,, on I', . Indeed «, has a form analogous to the
case of a boundary value problem in a smooth domain; Pr_y» 1 £ k < N, gives
the contribution of the vertex P,_, and dependson s and m, , r=k-1,k.

Now we shall consider the case of elliptic equations of order 2m, m > 1.

The following formula describes the dependence of

Aargdet M,_, o(z —s+ )|}/ e ons.

We have

1 1/2+ic0
(6.34) soAargdet M, o(z s+ ) .

1/2—ioco
1 ~0+ico 4n —2Rep
= grotedetM_ o(a)| mi -3 (1 - 9),
—0— oy

where the increment Izgt';.‘; means that in the case when det M, _, ,(z) has

zeros on Rez = 0 we deform the contour to the negative half-plane Rez < 0

near the zeros. In (6.34) ]m;‘(_ll is the number of zeros of M, _, ,(z) including
multiplicity between Rez = —¢ and Rez =1 -35; mfl ;>0 when 1-5>0
and m{’ | <0 when 1-5<0, ¢ is small.

To prove (6.34) note that det M, _, ,(z) — det(-b, _, o) when 7 — +oo and

det M, _, o(z) — detb,,dete”™ A, (z)A,(z) when T— —co. We have

(6.35) | |
b= (b;—l ,o)—] "e-m'nk_uajp”bk——l o bio= (b:o)_‘ "e_mmwdjp"bk_o ’

. m
(6.36) dete”™ Ay (2)A)(z) =expizy (4n~2Re B, ).
p=1
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Since argdet M, _, o(z) changes continuously with Rez for large |z|, we shall
connect the lines Rez =0 and Rez = 1~ s for large |t|. The increment of
argdet M, , ,(z) is close to O for 7 large and positive and Aargdet M, _, 0(z)
is close to (47t 2Re ﬂk )(1—s) when 7 is large and negative. Therefore (6 34)
follows from the principlc of argument.

Therefore (6.10), (6.12), (6.13), (6.34) imply
0

N
. 1 K)\—1,— . (k
ind®, = ZEAargdet(bzo(yi ))) lbko(yg ))
= }’§k)=ak
N m
+m, —1
(6.37) M1+ Mhp —
2|l 5
k=1 \ p=
1 —0+ioco )
+ Zt-'Aargdcth_l’o(z) i +m,_ 1) .

Theorem 6.2. Index of ®; can be represented in the form (6.37) where bkio(yik))
are defined in (6.11), M, _, ,(z) is defined in (5.48), and mffll is defined in
(6.34).

Example 6.1. Consider again the case of the mixed elliptic boundary value prob-
lem, i.e., when all o, = . Then (see (5.48), (5.52), (6.35))

-0 2 -0
(6.38)  Aargdet M, _, (2)I_ o = Aargdet(—b,_, o +e "p, ol )|Zortee

Let e”™*-'» 1 <p < m, be the eigenvalues of b, )b, where
(6.39) 0O<Reg,_,, <1, 1<p<m, 1<k<N.

Then using (6.12) we obtain
—0+ioco

m
E%Aargdeth_l 0 |_g+’::3 = _Aar H l+e2"’ Z+0y - Ip))

(6.40) —0—ico
l m
=5 Z(n —2nReo,_, ).
p=1
Substituting (6.40) in (6.37) we obtain an expression for ind®_ . The set of
roots of det M, _, ,(z) = 0 consists in this case of the following points:

(6.41) Z==0,_, ,+T,

where 1 <p<m,relZ.
Note that the formula (6.37) with substituted expression (6.40) is more ex-
plicit than one obtained in Example 5.1.

7. FINITE-DIMENSIONALITY OF THE KERNEL

In this section we shall prove the following theorem, completing the proof
that operator %/, is Fredholm:
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Theorem 7.1. The kernel of operator &/, defined by (1.1) and (1.2) is finite di-
mensional.

Proof. We have constructed in §4 an operator Rﬁl) (see (4.2)) such that

(1) p(1)
(7.1) #RY =@

s’

where ®_ is an operator in Z’S’(,'JI =H_,, n, @) x Ik, ;Hy y,(Ty) defined by
(4.17), (4.27) and &/") is the operator defined by (1.1), (4.11). Note that /"
is Fredholm iff %/, is Fredholm and has the same index. It is clear that operator
®_ is Fredholm iff the operator ¢§0) defined by (4.27) only is Fredholm in

ZB% =TI, jHy n,(T') . It was proved in §§4 and 5 that @ is Fredholm for
all s except some discrete set ;. Therefore there exists a regularizer Qﬁ")
such that
(7.2) o0 V=141,

(=1)
(7.3) o O =1+T,,
where T,, T, are compact in Z’s’(}JI , § ¢ Zy. Then applying (D(l_l) to (7.1)
from the left and from the right we obtain
(7.4) RV =141,
(7.5) o VR =141,
It follows from (7.4) that Ms(” has a closed range and finite-dimensional co-
kernel. To prove that Ms(l) is Fredholm it is enough to prove that .Vs“) has a
finite-dimensional kernel. Note that (7.5) implies that Rﬁ') has a closed range
and a finite-dimensional kernel. We shall prove that R'" is Fredholm for any

s and that the index of Ri” is equal to zero. Then it will follow from (7.1)
that &/" is Fredholm when ®, is Fredholm and

(7.6) indo/" = ind®, — ind R = ind @, .

Proposition 7.1. Operator Rfl) is Fredholm iff Ri” is Fredholm for some s and
indR" =indR\", vr.

Proof. Changing lower-order terms of A(x,id/dx) we shall find an operator
ATY from H_,, 5 (2) to H_, () that gives a particular solution of (1.1):

(1.7) pyAx,D)A ™ f = 1.

Note that A" coincides modulo a lower-order operator with A((,’ b (x,id/dx)
(see (4.2)). Denote Hj(@ ) =kerANH y (&) where ker A is the space of
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all distribution solutions of A(x,id/8x)u = 0 in & . Denote by REO) the
following operator from 2’{,‘2] to H;(@r ):

(=1
(7.8) Oc = Dy Z Z WkRkjckj 4 Z TyejCh;s
k=1 j=1

where A" is the same as in (7.7) and T, ; are the same as in (4.16). Note that

Rgl)(g ,¢) and ATY g+ Rgo)c differ only in the lower-order terms. Therefore
Rﬁl) is Fredholm iff A" g+ Rgo)c is Fredholm and

indR"” = ind(4""g + RYc).
Also the equation
(7.9) u=4""g+RY

is equivalent to the equations

(7.10) g=Au,
(7.11) u—A""(4u) = ROc,

where we used that AR§°) =0. Therefore A" g+ Rﬁo)c is Fredholm iff R£0)
is Fredholm and

(7.12) ind R = ind(4 Vg + R%¢) = ind R\".

Let Affx: be a pseudodifferential operator with (a,(x)&, +a,(x)&, +it)’™ (see
(4.4)) where T > 0 is large. If u € H}(2) then A**)u € H,_(2). Indeed
this is obvious if s > 0. Inside & As(x ueC™ since Au=0. If s <0

then it is clear that A™ (x)u has a smoothness of order r — s in the direction
of the vector field (a (x) a,(x)). The smoothness in the direction transversel
to (a,(x),a,(x)) follows from the ellipticity of 4 and since Au = 0 in &
(using the partition of unity and constructing “minus”-operator E|, E, locally
one can apply a proof analogous to (3.19), (3.20), (3.21)). We have

—5(x) 2 8(x)
(7.13) ATON) =T+ K,

where K|, is an operator of zero order with a small norm if 7 is large.
Since As_(':) is a “minus”-operator we have using (7.13) and that u € H,(2)

(7.14)  poyApo N Pu=p NP - po Au+py Ky N Pu=py K, NPu,

2m* -1

where K, is an operator of order 2m with a small norm when 7 is large.
Therefore the operator

(7.15) C,=puy A — A" Vp K, A

2m* -1
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maps H(2) to H,*(P) since A(pgA*™)-4""p K, A*)u=0in P for
any u € H; (Z) . Analogously we can construct an operator C__ = pgA:S’(t" )
A('”K§2A:sff) that maps H/ (2) to H,"°(2) for any r, . We have

(7.16) CC_,=1+K;,

(7.17) C_,C.=1+Kg,,

where K, , K, are operators in H;(@ ) with a small norm since 7 is large.
It follows from (7.16), (7.17) that C, maps H,(Z) onto H, (Z) and in
particular ind C, = 0. It follows from (4.5) that

(7.18) A R% =R c+ Tyc,

where ord T, < ord Rﬁo_)s -1.

Note that operator K,, restricted to H(2) is of order 2m — 1. Indeed
can be represented in the form

0) , —1
K2m = KZmA— T

K

2m

where ord K{) = 2m, and ord A”" = —1 as an operator on H(2).
Therefore we have

(7.19) CR? =RY +T,,

s r—s
where ord 7, < ord RQS -1.

It follows from (7.19) that Rﬁo) is Fredholm iff RQS is Fredholm and
ind Rﬁo) = ind RQS, that is, the index of Rfo) is independent of r, assum-
ing that we can prove that Rﬁo) is Fredholm for some s. O
Proposition 7.2. Rio) has a finite-dimensional kernel and closed range for all s .

(We shall call such an operator semi-Fredholm.)
Proof. Note that (7.1) is equivalent to the equality

(7.20) ZORY =0,

where Ms(o) is an operator from H;(2) to %(,SI‘)G defined by the left-hand
side of (4.11) and <l>§°) has the same principal part as the left-hand side of
(4.27). From (7.20) we have that R§0) is semi-Fredholm for any s ¢ £, when
X, is the exceptional set for .Ms(o) . Changing the boundary conditions B, ;1o
B, jA‘_’_ x we obtain an exceptional set of the form X, + . Choosing 6 > 0

such that (£, + ) NX, = & we obtain that Rio) is semi-Fredholm for any
s. O

Also Rio) is semi-Fredholm for any domain & and for any properly ellip-

tic operator A(x,id/8x) and the norm of Rﬁo) depends continuously on the
coefficients of A(x,id/0x) and on the domain & .
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Proposition 7.3. If Rio) is Fredholm for some domain 2, and for some elliptic

operator A(O)(x,ia /0x) then R§°) will be Fredholm for any properly elliptic
A(x,i0/0x) and any domain & that can be obtained by a deformation of 2,

and A%(x,i8/0x).

Proof. Let A”(x,i9/9x) and 2, be a deformation such that 0 < ¢ < 1,
A“)(x,ia/ax) = A(x,0/0x), and &, = Z . Since the set of all ¢ such that
Rio)(t) is Fredholm is open we have that Rio)(t) is Fredholm for small ¢. Let
t, be such that Rgo)(to) is semi-Fredholm but it is not Fredholm and Rﬁo)(t)
is Fredholm for ¢ < f,. We have dim coker Rio)(to) = 400 . Since the range of
Rgo)(to) is closed there exists a bounded operator A(z,) such that

(7.21) At RO (1)) = 1 + T,

where T is compact. Note that dimker 4(f)) = +oo. We have for ¢ < ¢,
|t — o] small:

(7.22)  A(t)RO(1) = 4(t,) RO (t,) + A1) RV (1) - RO(t,)) = T + K, + T,

s
where K, = A(t,)(R”(£)- R (t,)) has a small norm, ||K,|| < 1 when [t—¢,| is

small. Since Rio)(t) , t<ty,and I+K,+T; are Fredholm, (7.22) implies that
A(t,) must be Fredholm and this contradicts the fact that dimker A(¢)) = +oo.

Therefore Rgo)(t) must be Fredholm for all 1 €[0,1]. O

To prove that R§0) are Fredholm operators and to compute the index of
Rﬁo) consider the case when & is deformed to a smooth domain & ; that
is, all angles o, =7, k=1,...,N, and A(O)(ia/ax) is an elliptic operator
with constant coefficients and a positive symbol 47 (&) > C(|&]*™ + 1). Take
s=m+e¢e,0<e< % , and consider the Dirichlet boundary value problem

(7.23) A%8/0x)u=0 ing,,
(7.24) o' lujon’ M\ =k, 1<k<N,1<j<m,
where 9/dn is the normal derivative to 09, .

Proposition 7.4. Index of the boundary value problem (1.23), (1.24) in H,_ (Z,)
is equal to —(m(m+1)/2)N.

Proof. If ue H, () satisfies (7.24) with h, ;=0 then u € H

e (Z,) since
O<ex< % Here H, _.(Z,) is the subspace of H,, +8(R2) of functions with

supports in 70. Then the integration by parts gives that u = 0 if u satisfies
(7.23)and u € ;I (Z,) - Therefore ker.%, © _ 0 where % is the operator

m+é m+é

m+¢€

m+e

from ker A N H (2, to %, =1l i e jr12(Ty) - We also compute

m+é¢

also the cokernel of &% . If {h, ;1 belong to the range of 9 then {h, N

m+e¢ * m+e
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must satisfy the compatibility conditions at the vertices P, k = 1,...,N.
Indeed A, _ ,, and hk , must have equal values at P, _, —_k lﬁl“k , and the
same for the tangentlal derivatives of &, _ 1, and h, k.1 upto the order m— 1.
Analogously &, _, ; and h, ; must satisfy m — j + 1 compatibility conditions
ateach P,_,, 1<k<N, smce they are traces of

j=1 Jj-1
0 u/an |690 € Hm+e—j+l/2

(09,).
Therefore we have (m+m —1+--- 4+ 1)N = (m(m + 1)/2)N compatibility
conditions. If {h, .} satisfy these compatibility conditions, then there exists a

function v € H (90) such that

m+ée

(7.25) o 'vjon’ "\ =k, 1<k<N,1<j<m.

Denote by w € IOJ (2) the solution of the equation

m+e
(7.26) A% 0/0x)w = -49>18/9x)

where —A 0)(16/6x)v € H_ —m +¢(Z,) is known. Such a solution w exists and
it is unique since 0 < & < 3 (see, for example, Example 17.1 in [3]). Then
u=v+weH (9 ) will be the solution of (7.23), (7.24). Therefore we

m+é
computed that ind.«° =—(m(m+1)/2)N

m+e

Now compute ind d>m +¢ - In the case of the Dirichlet boundary conditions
we have

. ‘
(1.27) b)) = 1AL 00Ny

-, (k (k
(7.28) bo\ ) = =2 O 0N Ty

Since the boundary is smooth and the boundary conditions are the same on
each T, we have b, _ 1o = b:o’ bi_1 o = b (see (5.48)), and therefore
by_yo=byo (see (6.38)). Then g, _, , =1, 1 <k <N, 1<p<m (see
(6. 39)) Since (7.27), (7.28) are the Vandermonde matrices we have
(7.29)

l = k)
det(by, (1) ™' by o)

(k (k —
= [T im0 + A om0 NG, 01, 0) = 4, 1, 0D

r<p
Note that
(k)\=1,— , (k)
det(bko(y[ )) bk,()(y[ )’ k=1,"'9N)
are parts of a continuous function on 9%, since boundary conditions are the

same oneach I, , 1 <k < N,. Since Imlkp(yfk) ,0) < 0 for all yfk) , 1<k<
N, we have

(7.30) 7 < arg(d,, (V7 ,0) - 4, , 0\, 0) <7
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for all y(k) Also

(7.30') ~n <arg(d 0,00 =2, 0" ,0) <7
Therefore
1 & (k) (k) ’
(7.31) E; argdet(b; (»\)) ' b, (v )m =0.
- Yy =k

We have that det M, _, o(z) = (~1+e*"*)" detb,. So detM,_, ,(z) =0 has
a root of multiplicity m at z = p, p € Z. Therefore formulas (6.37) and
(6.40) give

(7.32)
1nd®m+£—§ (;p”“’“l +%pz=:l(n—27z)—m(m— 1))
=N(—m—(in2—:—l—)——m—m(m—l)) =—M2+1—)N.

Therefore Rﬁo) is a Fredholm operator when N, =0 and

indR” =indR? = ind®?® —inde® =0.

m+eg m+e
Proposition 7.5. Operator Ri ) is Fredholm of index zero for any N, > 0.

Proof. Since ker/,, (” =0 for any N, > 0 we have that R(0 and Ri” are
Fredholm for any N > 0. We shall show that de © — jnd R(') 0 for any
N, > 0. We have that Rs” is bounded from # , to H  \ (Z) for N > 0.
The following regularity property holds:

If ue RVF and Fe#

s,N
also Ftsf‘l”s’,\,ﬁ,\,2

(7.33) uec HS,N|+N2(9) ’ N2 > 0 I’ then

Indeed, applying MS( ) we obtain
(7.34) A Vu="RVF=0"F, ie, ®"F=w"u.

Since &/ (" is bounded from H

N, (D) to Z . we have that ®{'F €

#, NN - Applying the regularizer of <I>§” we obtain
(1.35) Q("')M“)u=F+T_1F,
where T_, is bounded from Z, N4l O Z’ Therefore F € ’?:,M e

Repeatedly applying d)s we finally obtain that F ek NN, Therefore

kerRi e Z‘S’N, VN > 0. Also cokerRS € (# N) for any N > 0. Indeed

let F/,... ,Fn be the basis of cokerR(S” in (’Z,o) . If ue H y(Z) and
(u,F,:) =0, 1 < k < n, then there exists F € "7?,0 such that u = Ri”F
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since H, y(Z) C H ((Z). Then (7.33) implies that F € % , that is,
u€lm R(l v Where R“) is the restriction of the operator R D to Z’S’ ~nC Z’s’ 0-
So coker Ril ~ C coker R(l The inclusion cokerR 0 C cokerR » holds since
Ingl}V C ImRﬁ'}). Therefore cokerRﬁ}v = cokerRsl}) for all N >0. So

ind R}, = ind R!'} forall N>0. O

Using the regularizer d>(" one can show analogously that the regularity in

N holds for @, () and therefore 1nd<I>(l =ind CD(') for all N > 0. Therefore
1nd.5%s, N md.Ms N+ N for all N, > 0 where N > 0 is the minimal integer

such that N, >m, . + 3-s.
Summarizing the results of §§4, 5, 7, we get the following theorem.

Theorem 7.2. Operator %/, defined by the left-hand sides of (1.1), (1.2) is a
Fredholm operator Sfrom H ~(D) to Z \ iff (1.7) and (5.49) are satisfied for
al k=1,...,N. The mdex of &, is given by the formula (5.50). In the case
of real-valued symbol Ay(x,{) one can use the formula (6.37) for m > 1 and
(6.33) for the case of a second-order operator.

8. EXAMPLES AND REMARKS

In this section we shall consider some boundary value problems for the Lapla-
cian

(8.1) Au=f, Xe€D.

Example 8.1. The Dirichlet boundary value problem Consider the Dirichlet
boundary conditions

(8.2) “Irk=hk’ 1<k<N.
In the case of the Laplacian we have (see (6.17), (6.18)):

(8.3) Ay =—i, A,=1,

(8.3 By, = (1/i)In(cosa,_, —isina,_,) =21 —q,_,,
(8.3") By, = (1/i)In(cosa, _, +isina,_,) =0, _,,
(8.4) By +2n =B, =28, =221 -a,_,),

where o, _, are the interior angles at P,_,, 1 <k < N, P, = P,. For the
case of the Dirichlet boundary conditions we obtain (see (6.14), (6.15), (6.16),
(6.19))

(8.5) b =1,  bo=1, m, =0,
(8.6) M,_, o(2)=—1+ o (7= +1/220, ’
®.7) %eero=0, 1<k<N.
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Therefore the Fredholmity condition (6.22) has the following form:

(8.8) s#l+prjfa,_,, 1<k<N,pel.
We shall also require that (see (1.16))
(8.8 s#0,-1,-2,...,

If f=0 in (8.1) then the restriction (8.8') is not needed. Let Py_, be such
that (see (6.23))

(8.9) (g /T)(L=8)=p,_, +0,_,»

where p,_, isanintegerand 0 < J,_, < 1. Then the index x of the Dirichlet
problem is given by the formula (see (6.33))

N
(8.10) K=Y Dp_ys
k=1

where p, | are defined by (8.9).
In particular, ¥ =0 iff

(8.11) l-7m/e,_,<s<1, 1<k<N.

Note that k = -N iff 1 <s <1+ n/a,_;, 1 < k < N. This result is
easy to explain. If u € H(Z), s > 1, then the restrictions to I', belong to
H_, /Z(Fk) and also the restrictions to the vertices P,_,, 1 < k < N, exist.
Therefore h,_, | and h, | have the same value at P,_,:

(8.12) elp,  =hialp_ . 1<Sk<N.

These N compatibility conditions imply that ¥ = —N . Also note that the
boundary value problem (8.1), (8.2) is not Fredholm in H,(Z). This happens
because we consider the Dirichlet boundary value problem with nonhomoge-
neous boundary conditions (8.2) and s = 1 is the critical value for the problem
of the restriction to the vertices. If one included compatibility conditions in the
class of admissible right-hand sides, in particular if one considered the Dirich-
let problem with zero boundary conditions, then it would also be Fredholm for
s =1 and the index for s > 1 would differ from (8.10) by the number of com-
patibility conditions. We shall consider the case of a homogeneous boundary
value problem in detail elsewhere.

Example 8.2. The Neumann problem. Consider the Neumann boundary con-
ditions

(8.13) dufonl., =h,, 1<k<N,

where n, is the normal to I', . In this case m, | =1, b,‘fo(ygk)) =-1, 7,=0.
The Fredholmity condition has the following form (see (6.22)):

(8.14) s#1+pn/a_,, 1<k<N,pel.
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Also we require that (see (1.16)) (8.8') holds if f # 0 in (8.1). The index of
the Neumann problem (8.1), (8.13) is given by the formula (8.10) where (see
(6.23))

(8.15) 14+ (oy_,/m)(1=5)=p_,+06;_,>» p,_, are integers, 0< g, _, < 1.
In particular, ¥ = 0 iff
(8.16) l<s<l+n/oy_,, 1<k<N.

Example 8.3. The Dirichlet-Neumann boundary value problem.  Consider the
boundary value problem of the form

(8‘17) ul]‘kj=hk.) a. =hk’3 IS.]SP’IS’SN_I’;

that is, on some I', we have the Dirichlet boundary conditions and on some
I, we have the Neumann boundary conditions. Again in this case the formula
for the index has the form (8.10) where p,_, is the contribution of the vertex
P,_,, 1 <k < N. Since each p,_, depends only on the boundary conditions
on I, _, and I', thatare joined by the vertex P, _,, it is enough to consider the
case when we have the Dirichlet boundary condition on I', _, and the Neumann

boundary condition on I', . In this case me_,, = 0, m = 1, bki__l,0 =1,
b;t,o = -1, 7, = 0. Therefore the Fredholmity condition has the form (see
(6.22))

(8.18) s#Fl1+n/2a,_, +(n/ay_,)P, DEL,

and p,_, is given by the formula

(8.19) d+ (/M) =8)=p,_, +6,_,,

0<d,_, <1, p,_, isan integer. In particular, p,_, =0 iff

(8.20) 1-7n/2a,_,<s<1+mn/2qa_,.

Example 8.4. Oblique derivative problem. Consider the following boundary
condition:

k), Ou

k), Ou
(8.21) —C ) ))E”Z"(y‘ ) gz,|, ~har  1Sk<N,
k

where 9/dn, is the normal derivative and 9/, is the tangential derivative
to I, ¢}, +¢5, >0 on T, . In this case we have (see (6.27))

k . k
bio\) = ¢, %) — ic, 1),
- k k . k
boeW) = €, 1) + icy (V).

Note that b}, = b, . Denote

(8.23) 7l o = (1/27)In(bg(0) /b, o(a, ),

(8.22)
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where we choose the branch of logarithm such that
(8.24) ~i<Reyp), <L

Note that Rey, _, 0 = 2Re y,((”] 0 (mod p) where y,_, 0 is the same as in

(6.19). In (8.23) (0,0) are the coordinates of P, _, in (y1 , y(k)) coordinates
(k=1) _(k=1)

on 1_“k and (a,_,,0) are the coordinates of P,_, in (y, ¥ ) coordi-
nates on f‘k_, . The Fredholmity condition (see (6.22)) has the form
(8.25) s;él+2—nReyklo+ TP pez,1<k<N.

- Ay

The index of the oblique derivative problem has the following form (see (6.30)):
0

1< (k
= ;ZAarg v ))+zc2k(y ")
(8.26) o=

N
m
- 2ZR°Vk—1,0 +D Py
k—1 k=1

where p,_, are integers such that

(8.27) 2Rey_ ot 1+ (o /M)A =8)=p,_ +6,_;,
0<d,_, <1. We used in (8.26) that
. 0
e 01 + ey (,7)

(8.28) Aarg

= 28 arg (6, /) + icy, O
clk(ylk)) _ chk(yﬁk)) K1\ %V |
Denote by ¢, the following closed curve in the complex plane: take the im-
ages of c,k(ygk)) + iczk(yik)), 0 < yik) <a, 1< k < N, and connect
the point ¢, ,_,(a,_,) + ic, ;_,(a,_;) with ¢, (0) + ic, (0) by the line seg-
ment if |Re y,(('_)l’ol < 4 and by the “half-circle” drawn counterclockwise if

Re 71(<l-)| 0= % . Let k, be the winding number of this curve. We have

ax

(8.29) K, iAarg (e, ) + iczk(yi"’)) ZRe 7o
k= a
where the direction' of 82 is clockwise. Then k
(8.30) K =2K, + ipk_, )
k=1
where k,, p,_, are defined in (8.27), (8.29).
Remark 8.1. It was shown at the end of §7 that ind./, , = ind % ) N AN, for any

N, > 0 where & , is the operator acting from H, N(@ ) to #Z N and defined
by the left-hand 51des of (1.1), (1.2); i.e., the 1ndex of &

s ,Ni+

Ny is independent
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of N,. We shall show that this property is equivalent to the regularity in the
weight norms of the solution of (1.1), (1.2). It was shown in Proposition 7.5
that the regularity implies that the index is independent of N,. Now we shall
prove the converse statement.

Proposition 8.1. Let the condition of Theorem 1.2 be satisfied and u € H, N @)
be a solution of (1.1), (1.2) with F = {f,hkj,l <k<N,1<j < m} €
#, n+ny» Ny > 0. Thenalso u€ H y ., (D).

s

Proof. Since H_ \ . (2) C H, y (Z) we have that
d1mker.sa/s’NlJer < dimkerMs’M .

. . * *
Also dim coker.%/ Nan, 2 dim coker Ms,N, since #, ~ C Z, NiAN, - Therefore

(8.31) indo] y =ind& .
implies that
dimker®] , =dimkers y .\, dim coker &/, ,, = dimcokers y . -

We have
K4

U= F,
where u € H_ @), F e;?s’,“ C# y - Since F € Im ., We have that
F is orthogonal to cokers, y But coker.sVS N = coker .2/, NN, SO that F is
orthogonal to coker %/ NN, > that is, F € Im.sa’s NNy ThlS means that there

exists v € H, y . n (9 ) such that
A, yamV=F.

Therefore %/ N(u v) = 0; that is, u — v € ker&] , . Since ker.ﬁﬁ N =
kers v v, VN we have that u—v € H_ , \(9); that is, ue H; N1+N2(9)
a

Analogously, we can prove the following proposition.

Proposition 8.2. Let the condition of Theorem 7.2 be satisfied and (s, ,s,) be two
adjacent numbers from the exceptional set T corresponding to the boundary
value problem (1.1), (1.2), that is, &, , is Fredholm for any s, <s<s,.
Assume that u€ H, \ (9), FE€X, where 5, <s' <s" <8, K yu=F.
Then ue€ H, 5 (9)

Proof. Since ind.%/ N is constant for 5 < s <s, and since dimker, N is
decreasing and dlm coker.% N is increasing when s is increasing, we have that
dimker./,, N = dim kerﬂs,, N dim coker &/, N = dim coker %/, N The rest
of the proof is the same as the proof of Proposmon 8.1. O

9. THE CASE OF MULTIPLE ROOTS

In this section we shall drop the restriction that the roots of A,(x,&) are
simple and shall assume only that 4,(x,¢) is a properly elliptic operator. In
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y (ysk) s ygk)) coordinates in a neighborhood of I', we shall replace operator

(4. 5) by the following operator:

k)
(9.1) R / / ! g dw
bk 2n - A "",m )N ) w)

—iy®p dn'®

~ k
& (e e,

where A:o’ ', are the same as in (1.4). Then instead of (4.27) we obtain
(9:2)

As Mkj_l/sz_, (pgzzw R,,, n,)

n=1 r=1

m m
1 + /
=Pr, (Z by jrCer + Z PerMy k1 1Ck—1

r=1 r=1

+Z¢k2 kj ,k+1 rck+1 N4 + ZZTkjnr nr)

n=1 r=1

_ () s—my;—1/2 (-1
=h; —pr A Y B4y 1,8

where b,: jr are pseudodifferential operators in R! with symbols

(k) (k) —1
B %, gy = L Bk,o(y. 0,77, wyw'™ dw

2mi r. A} (y 0,711"),w)As_’,'(/z(yl rp(k) w)

(k i—1/2 k k
1A )

(9.3) bip
‘ ]’71

and M,'q. k1> Myj is1, are the Mellin operators of the form (4.28), (4.29)
with the following kernels:
(9.4)
(k)
Mllqk lr(y >t _ak—l)

/ / By k—1(_,,0, ”(k Y, wyw

(k—1)
AklOakl’O” , W)

r—1

(27:) i

(k) lm r( (k—-1)

o s—myi—1/2 —iwy™ sinay
-n""Ycosa,_, +wsina,_, — 0y’ "™ [2g=iwysin e

my dw

AS—]/Z (ak 1,0 ”lk l) w)

—in\ (=¥ cos ay_ +ax—1—ti— n)d"(k )

- €
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Changing w to |'7| )|'w and integrating in rlg ) from 0 to 400 and —oo to 0,
we obtain
(9.4)

-1 B, . _ (a _ ,O,I,w)w’-l
M ® ¢y _a )= Akl kel
ki k=11 s et — @y) @n)? I Ap_| o(a_,,0,1,w)

. cA\S—myi—1/2
(—cosa;_, +wsina,_, —i0)" " " dw

t =12 k—1 .
A‘_’k/_l(ak_l,O,I,w)(y(I )(w sinaq, _, —cosa,_,)+a,_, —t_,)

1 / Biix(@_y,0, -1, w)w"™!
@n)? Jr, 47 (@, ,0, - 1,w)AT,2 (a,_,,0, - 1,w)

. s—my;—1/2
(cosay_, +wsine,_, —i0) " " dw

(yfk'”(w sina,_, +cosa,_,)—a,_,+t_,) )
Analogously,
-1 By, 141(0,0,1,w)w"™!
(27[)2 Iy Ak+l,0(0a0a 1 ,w)
(—cosay, —wsina, + i0)° ™12 goy
As-}‘/f, 0,0,1,w)(-(* - a,)(wsina, +cose,) — teot)
+ 1 / kj k+1(0»09 -l,w)w
(27)* Jr, 47, 4(0,0, — 1,w) A*7/2(0,0, - 1,w)

_ (cosa, —wsinay + i0)* ™™~ gy

/ (k)
My 00—l =

(9.5)

r—1

k - .
((y( ) - a)(wsine, —cosa,) -1, .,)

In (9.4), (9.4'), (9.5) we use the same notation as in (4.30), (4.31) and we
assume that o, _, < 7, o, < n. For the case when the angle is larger than #
see Remark 9.1. Analogously to (4.27), the system (9.2) can be reduced to a
system of the form (5.1). It follows from (5.22), (5.23), (5.24) that the system
(9.2) is Fredholm iff

(9.6)  detllb,, 0\, £ DI7,_, #0, 0<y¥<q, 1<k<N,

9.7) detM* (z)#0, z=1l+ir,7eR, 1<k<N,
where
9.8)

Ml(k")(z) = (l_eZniZ)—l

b}, — bl e —(m j(2) = m_ 4(2)) ("-*;;-i)z
(Mepmr (@) =mop @) (25)" el -,
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where

1 1
k=||bkjr( :tl)”jr 1°
1 1
by gy =0y @ £DI7,2,s

m, (z) —m_ ,(z) is the Mellin transform of ||M,'U.,k_l’r(y§k) y — 1)||;.”’r=l in

k), 0< ylk) < 400, m, ,(z) corresponds to the first integral in (9. 4’y and
m_ ,(z) to the second and m, , (z2) =m_,_ (2) is defined analogously.
It follows from (5. 26) that the formula for the index of the boundary value
problem (1.1), (1.2) has the form

(9.9)

0
N
1 (k —1
K= Zz— argdetllbkj, y1 () , D ||ka, , -1
k=1

23

(9.10)

1/2+ic0

N
ZL Z % argdetM(k l)(z)

1/2—ioco

As in §§5, 6 we can simplify conditions (9.6), (9.7) and the formula (9.10).
First consider condition (9.6). Assume temporarily that Ak 0(y1 ,0,£1,2)=0

has simple zeros. Note that the set of such A4; k.0 is dense in the set of all AZ,O .
Then computing (9.3) using the residues, we obtain
(9.11)

k
by ZBkJO 19,0, £1,4,017,0, £1))
A 0,0, £ DA 0, £1,2,01,0, £1)
-1
0A
'(a—f’@i"’,o, £1,,017,0, il)))

.Asl—kmkj-IIZ(y(k) + 1).

There exist polynomials a, (y(k) w) of degree < n with C* coefficients in

y(lk) such that
k —_
(9.12) =— ~ (k) =9,
2ni Jr Ako( W90, £1,w)
Indeed
1 wm—n+r-ldw ), (k)
(9.13) i )i T =a, ),
where a . =0 for r<n, a(o) —1. To obtain (9.12) one should apply the

inverse of ||am || to (9.13). In the case when AZO has simple zeros (9.12) has




INDEX FORMULAS FOR ELLIPTIC BOUNDARY VALUE PROBLEMS 345

the following form:

k (k k
(9.14) Zakm ,,(yﬁ )’Akp(yl) 0, :hl))lkp (.V§ ),0, +1)

p=1
-1

(aAkO(yﬁ") 0,+1 xkp)) =4,;

that is, )
+
lag a1 2, 01,0, £ D),

is the inverse matrix to
m

-1
1o w0, :I:l)( "O(yl O,il,lkp))

p,r=1
Using (9.14) one can rewrite (9.11) in the following form:

m
1, (k —mi=1/2,_(k (k k
(9.15) by, 0\, £1) = S AP0, £1060) 01, £1)e,, 01, £ 1),

p=1
where b,(:;)p(yﬁk) , £ 1) are the same as in (1.4), that is, b,(g)p is the Lopatinsky
matrix, and

1 G e, 0 W)™ dw
2zi r. d,,0, £ 1,w)AT 20,0, £1,w)

Using the residues we obtain from (9.16) that

(9.16) ¢, 0, £1)=

(9.17) detlic,,, 0", £ DI HA‘/“( .0, £1,2,01,0, £1)).

p.r=1
Taking the limit we have that equations (9.15) and (9.17) hold for any
A45,0%,0, £1,w).

It follows from (9.15) that condition (9.6) is equivalent to condition (1.5),
the Shapiro-Lopatinsky condition. It also follows from (9.15), (9.16) (cf. (6.1)-
(6.11)) that
0

k - k
Ez—Aargdetubk,,(y‘ L+ D17 B, 01 - Dl
k=

ay

0
N
1 0 —1,,2.(0) ,_ (k
(9.18) = EﬁAargdet”b,((j), 4 DITIBE, - )
k=1 ay
N m N m
"'szk;"'z,,( )ZZReﬂkP+m Rep, ,+2n),
k=1 j=1 k=1 p=1
where B, p are the same as in (6.10), 1 <p <2m
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Now consider (9.8). Analogously to (9.15) we have
1,1
(9.19) m, ((2) = b, A (2) _[(2)=b! A,lcz(z),
m+ k l(z) =b

1 2mz
(9.20) k= + (B ()"

k— l
m_ () =bL e (Byy(2))”

where b'i Ko b]i k1 are the same as in (9.9) and

-1

(9.21)
+ p—1 _zlIn(cosay_ +wsinay_,) m
1 a, _ (0,w)w’ ‘e dw
8y (2) = o [ GemmaOa1 ,
r. A;,(0,0, +1,w) ]
n.p=
(9.22)
| 1 a,-(— (0’w)wp—lezln(cosak_l—wsinak_,)dw m
A,(2) = ﬁ/ ot T ,
r AkO(O’O’—l,w)
n,p=1
where
(9.23) 0 <argin(cosa, _, T wsing, _|) <2z, Imw <O0.
Denote
. I ~AL () (2=)
(924) Allcg,(z) — (1 _e27uz)—l s 1 B , kl( )( a ) .
e (Ay(2)7 (3) -1
We have using (9.12) that (cf. (5.36)):
(9.25) detAy,(z) = (1 — ™) TJ(=1 + ¥ Promthinzy
j=|

Assuming that (9.25) is not zero for z = %+i‘t , T € R, we obtain analogously
to (5.34), (5.48) that (9.7) is equivalent to the following condition:

(9.26) detM,_, o(z—s+3)#0, z=1}+it, —co<t<+00, ISk<N,

where
M, o(2)= =B ) e ™™g (15
(9.27) k—1,0 +k 1 "= k-1
: 2miz 4 1 =1,5(0) \—1, —inmy; 0) L1
+e7 7 (4y,(2)) (b+,k) lle 6jp"b_,kAk2(2),
b, = lIb,(0, £ DI, by, = ||b£‘j,,<ak_1,i1>||,and A (2), Agy(2) are

defined in (8.21), (9.22).

Remark 9.1. We have assumed that (9.25) is not zero for all z = 1+it, asin the

case when A (x,{) is real. Otherwise, analogously to Remarks 2 2 and 5.1, we

need to change operator Rk ;€ » Teplacing ¢ j(r](k)) by Y-, d, om )ck,(nfk)),
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where degnm ,q,(nl )) =0 (cf. (2.84)). Also we assumed in (9.1) that o, _, <
n, oy < . Otherwise (cf. Remarks 2.1 and 4.1) we consider the operator

1 % 1 (k)
(9.28) ijckj= A ij( ,}’2 ,yl t)ckj(t)dts

where
(9.29)
e—iwxz—ixm(l")wj—lm(k)lm-j dw

1 * (k)
G, 0", x ,x)=—,/ / ' dn®.
ki 27 (27[)21 —oo JI'y A;o(y(k) s ”;k) ’ w)
Integrating in nfk) , we obtain analogously to (9.4'):
)= — / w ™ dw
2n)* Jr, A0, 1, w)(wx, + x))

(9.30)

1 / w ™ dw
Cen)? e 4,0, -1, w)(wx, - x,)

(9 30) gives an analytic continuation of G, ](y(k)

»%y,%;) for any (x,,x,) #
(0,0). Analogously to (2.77) we can find the Fourier transform G,'( ; (y(k) ,65>¢))

1, (k .
of ij(y( ),xz,x) in (x,,x,):

1 wj"dw
Gl o™,¢,.¢) =
031 ki 22072 e, 47 ™, 1, w) (&, — we))
(0:31) 1 w ' dw

+ — .
21 Jr, A", - 1,w)(& + wé)
k0 2 1
We shall replace (9.1) by

" 12-s [ (k) . O 1
(9.32) Ryic; =paA (y ’la—y("—)) GyChj-
Analogously to Remarks 2.1 and 4.1, we have that all results remain valid for
T<a <2m.

We shall formulate our final result:

Theorem 9.1. Operator &/, defined by the boundary value problem (1.1), (1.2) is
Fredholm iff the Shapiro-Lopatinsky condition (1.5) and the “corner condition”
(9.26) are satisfied. The index of %, is given by formula (9.10) or by the following
Jormula when Ay(x,§) is real:

(9.33) .

(k) —1,,,.(0) .. (k
A+ DI B0, = Dl

N
ind &/ Z s=Aargdet ||bg) (|

ax =0

k=1
m +m, -1 1 -
e 0
+ (Z e X2 4 —AargdetM,_, o(2)| o i + mffl.) ;

k=1
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where bl are defined in (1.5), M,_, ((z) is defined in (9.27), |m) | is the

number of zeros of detM,:_l’O(z) =0 between Rez = -0 and Rez =1-35,
m >0 when 1-5>0,and m{ <0 when 1 -5<0.
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